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APPLICATION OF HIGH-SPEED COMPUTERS TO TRE SOLUTION OF 
THE RESTRICTED THREE-BODY PROBLEM BY THE HILL-BROWN METHOD; 

PART I: CALCULATION OF THE RIGHT-HAND SIDES OF 

/ 6 3 F  

THE EQUATIONS I N  INHOMOGENEOUS FORM 

V. A. Shor 

ABSTRACT 3393-2- 
The u s e  of high-speed electronic  computers i s  invest igated f o r  

solving t h e  r e s t r i c t e d  three-body problem by t h e  Hill-Brown 

method. The logic  diagram is given for a rout ine t o  compute 

terms on t h e  right-hand s i d e s  of t h e  inhomogeneous equations 

generated by the derivatives of t h e  perturbation function, 

The sane program i s  used t o  compute t h e  terms produced by 

series expansion of ut;  -1 /r 3 , z Gi /r 3 . 
. _ _  

During the  las t  t e n  years, t h e  I n s t i t u t e  of Theoretical  Astronomy, Academy 

of Sciences of t h e  USSR has undertaken several  a t temps  t o  u t i l i z e  t h e  lunar  

method of H i l l  and Brown for t h e  formulation of ana ly t ica l  t h e o r i e s  of cer ta in  

i r r e g u l a r  s a t e l l i t e s  of J u p i t e r  (Proskurin, ref. 6 and 7, Tokmalayeva, ref. 9). 

Theoret ical  j u s t i f i c a t i o n  was found for applying the  lunar method a t  least t o  

some of t h e  s a t e l l i t e s  of J u p i t e r .  The obstacles  standing i n  the  way of wide- 

spread appl icat ion of t h i s  method t o  s a t e l l i t e  systems a r e  not  so much theore t i -  

c a l  as of a purely p r a c t i c a l  nature; f o r  machine calculat ions,  t h e  formulation 

of a ';lleoi->- e ~ i i i p r ~ k l c  5:: azzuracy  wit.h nhservat,ions requi res  several years of 

'L.. concentrated e f f o r t ,  even f o r  satell i tes with f a i r l y  modest o r b i t  parameters. 

' ' "Numbers i n  t h e  margin ind ica te  pagination i n  the  o r i g i n a l  foreign tex t .  I--- 



0 -_ - I - - - - -  -1-- I 

These d i f f i c u l t i e s  are compounded b y  t h e  f a c t  t h a t  t h e  parameter m, which e n t e r s  

i n t o  the  theory i n  numerical form, i s  not known with s u f f i c i e n t  accuracy f o r  a 

number of satell i tes,  hence a theory, even it it were formulated, could not be 

regarded as complete; more precise knowledge of the  o r b i t  parameters requires  

^ Y  

6 

recomputation of a t  l e a s t  some of t h e  inequal i t ies .  However, even a t  t h i s  

’ moment we a r e  sore ly  i n  need of a theory, because t h e  purely l i t e r a l  theory of 

Delauney i s  e i t h e r  s u p e r f i c i a l l y  applicable f o r  some of t h e  d i s t a n t  satel- 

l i t e s  of J u p i t e r  ( s a t e l l i t e s  V I ,  VII, X) or general ly  inapplicable ( s a t e l l i t e  

VIII) . 
We should a l so  add t h a t  t h e  application of t h e  Delauney theory j u s t  t o  

j account f o r  t h e  perturbations requires r a t h e r  numerous and tedious computations, 

t o  the  extent  t h a t  it would be encouraging i f  even some of the  necessary labor 

could be mechanized. 

The above has j u s t i f i e d  invest igat ing t h e  p o s s i b i l i t y  of using e lec t ronic  

computers t o  automate the  computational process i n  t h e  Hill-Brown method. The 

p o s s i b i l i t y  and d e s i r a b i l i t y  of mechanizing t h e  separate s t a t e s  of t h e  compu- /640 

t a t i o n s  i n  t h i s  method were conceptually demonstrated by Brown himself some years 

ago (1938, re f .  15). More recent ly ,  a number of papers have been published i n  

which t h e  problem of implementing c l a s s i c a l  computational methods on e lec t ronic  

equipment has been coped with successfully ( r e f s .  8 and 16) 

O f  course, i n  implementing methods t h a t  were created i n  appl icat ion t o  t h e  

’ - cmput .a t inna1  devices of t h e  las t  century, we cannot u t i l i z e  t o  the  f u l l e s t  ex- 

* t e n t  t h e  c a p a b i l i t i e s  of e lec t ronic  computers; we r e q u i r e  t h e  c rea t ion  of new 

methods b a s i c a l l y  or iented towar6 u u d e r . ~  tecti i igiisa.  

method with a w e l l  developed solution algorithm, we achieve our goal more quick- 

lly, and t h e  first r e s u l t s  t h a t  have i n  f a c t  been obtained i n  the  indicated 
! -  

IIe::et’er, by nsing f.he nl ii 
% 

- ;  
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p a p e r s  demonstrate the  wisdom of t h i s  approach t o  solut ion of a number of prob- 

lems i n  c e l e s t i a l  mechanics. 

A number of fea tures  of the  Hill-Brown method a r e  c l e a r l y  amenable t o  the  

workable solut ion of t h e  s t a t e d  problem. 

About two t h i r d s  of a l l  the  work involved i n  t h i s  method c a l l s  fo r  t h e  

' mult ip l ica t ion  of se r ies ,  a process which y ie lds  very s i m p l y t o  mechanization. 

The e n t i r e  sequence of operations t h a t  mus t  be executed i n  order t o  determine 

t h e  coef f ic ien ts  of the  i n e q u a l i t i e s  with a c e r t a i n  c h a r a c t e r i s t i c  forms a 

computational cycle, which i s  i t e r a t e d  as many times as there  are character is-  

t i c s  t o  be taken i n t o  account. 

we see a t  once t h e  u t i l i t y  of t h e  method; the  c y c l i c a l  nature of t h e  operation 

Since there  can be as many as a hundred or more, 

leaves no doubt. Moreover, the  analysis of one cycle shows t h a t  it breaks down 

i n t o  a number of stages,  within which the  computations a r e  of an exceedingly 

uniform, r e p e t i t i v e ,  and e s s e n t i a l l y  elementary nature. These stages include 

s e l e c t i o n  of t h e  necessary terms f r o m t h e  expansion of t h e  perturbation func- 

t i o n ,  t h e  mult ipl icat ion of inequal i t ies ,  the  solut ion of equations by the  

method of successive approximations. 

On t h e  other  hand, it i s  important t o  r e a l i z e  t h a t  t h e  lunar method of 

H i l l  and Brown i s  recognized as a method for solving t h e  r e s t r i c t e d  three-body 

problem, and only t h i s  fundamental problem can be f i t t e d  t o  a unif ied scheme of 

solut ion.  To account for other  e f f e c t s  i n  s a t e l l i t e  motion requires  a par t icu-  

lar  approach and a spec ia l  cornpu-Latloiial ~ r c g % ~  

' 

W e  note one o ther  fea ture  of the Brown method which i s  very useful  i n  man- 
I 

, u a l  ca lcu la t ion  but which c l e a r l y  cannot be usea i n  cumputex- c a l z a l ~ t i ~ s ,  Tn 

c a l c u l a t i n g  the  coeff ic ients  of the  i n e q u a l i t i e s  manually, we a r e  of ten  able  t o  

I make use of the  products of series which appear  as intermediate r e s u l t s  i n  de- 
l 
termining lower-order inequal i t ies .  

! -  - 
< . _ _  3 
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The pecul iar  nature of computations on e lec t ronic  equipment i s  such t h a t  

it i s  s i m p l e r  and f a s t e r  t o  reproduce these products by repeated computation 

than t o  s t o r e  them and l a t e r  e x t r a c t  them from memory. I n  t h i s  case, however, 

, t h e  computations lead t o  a progressive increase i n  t h e  time spent i n  determin- 

i n g  the  coef f ic ien ts  as t h e  orders of the  i n e q u a l i t i e s  i s  increased. 

, Brown (ref. 15) developed the  notion t h a t  u t i l i z i n g  t h e  equations of motion 

i n  a r e c t i l i n e a r  coordinate system ro ta t ing  with an angular v e l o c i t y  e q u a l  t o  

t h e  mean motion of the  moon should grea t ly  f a c i l i t a t e  t h e  procedure of determin- 

i n g  t h e  unknown coef f ic ien ts  of t h e  inequal i t ies .  

However, t h e  wr i t ing  of an algorithm t o  solve these equations represents  

. i n  i t se l f  a r a t h e r  laborious task.  I f  it proves worthwhile i n  prac t ice  t o  i m -  

plement t h e  lunar method on computers, then a t  t h a t  t i m e  the  problem of chang- 

i n g  the  coordinate system can be taken up. 

I n  formulating the  theory of lunar motion, Brown employed t h e  equations of 

motion in t h e  so-called homogeneous and inhomogeneous forms. 

The solut ion of t h e  equations i n  inhomogeneous form involves less e f f o r t  

( t h i s  appl ies  t o  t h e  determination of t h e  coef f ic ien ts  of t h e  several  low order 

i n e q u a l i t i e s ) ,  but  with small divisors  present t h e  accuracy of t h e  coef f ic ien ts  

t u r n s  out  t o  be i n s u f f i c i e n t  i n  a number of instances.  I n  these  cases,  t h e  pre- 

c i s i o n  of t h e  coef f ic ien ts  i s  increased by means of t h e  equations i n  homogeneous 

form. The coeff ic ients  of t h e  f i f t h -  and sixth-order i n e q u a l i t i e s  have been 1641 .I 

computed on iile basis of t h e  equnttnns i n  homogeneous form exclusively.  

pu ter  calculat ions,  t h e  u s e  of both forms of equations i s  undesirable, s ince i n  

t h i s  case it becomes necessary t o  have two d l r f e r e n t  pmgrms.  C ~ i ~ s c c p ~ ~ t ~ y ,  

a t  t h e  expense of a c e r t a i n  increase i n  t h e  number of computations, it i s  neces- 

' 1 ,sary t o  r e s t r i c t  t o  t h e  homogeneous equations. 

I n  corn- 
L .  

- I---- 
4 r---- 
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A s  our work progressed, however, it w a s  decided f i r s t  of a l l  t o  explore t h e  

p o s s i b i l i t y  of completely automating t h e  computatimal process using t h e  equa- 

' t ions  i n  inhomogeneous form. 

t a t i o n  of t h e  right-hand members of the equations i n  homogeneous form can be 

This w a s  all t h e  more j u s t i f i e d  i n  t h a t  t h e  compu- 

car r ied  out  t o  a considerable extent  i n  t h e  same general  scheme as for t h e  in-  

homogeneous form of t h e  equations. The equations are solved i n  e i t h e r  case by 

t h e  method of successive approximations, which makes it possible t o  c a r r y  over 

a number of t h e  techniques used i n  solving the  equations i n  inhomogeneous form 

t o  solut ion of t h e  equations i n  homogeneous form. Furthermore, subsequent ex- 

perience i n  t h e  operation of the  program w i l l  uncover i t s  weak points  and permi t  

t h e  exclusion of e r r o r s  i n  solving the more d i f f i c u l t  problem of automating the  

so lu t ion  of t h e  equations i n  homogeneous form. 

I n  t h e  present a r t i c l e ,  we present t h e  resu l t s  per ta ining t o  computation of 

t h e  right-hand s ides  of the  equations i n  inhomogeneous form. I n  so doing, we 

w i l l  s t e e r  away from an exhaustive descr ipt ion of the  program, t r e a t i n g  instead 

only t h e  pr inc ipa l  stages of t h e  computational process and t h e  techniques used 

t o  solve some of t h e  problems t h a t  a r i s e  i n  programing. The proposed compu- 

t a t i o n a l  scheme, of course, i s  not the only possible one; of several  i n v e s t i -  

gated modifications, we have chosen the one which, i n  our opinion, w a s  b e t t e r  

su i ted  than t h e  o thers  t o  t h e  capabi l i t i es  of t h e  S t r e l a  computer; t h e  l a t t e r  

has an i n t e r n a l  memory space of 2047 c e l l s  p l u s  a magnetic tape memory device; 

it has a computation r a t e  up t o  2000 operations pei- seeoz2. 
I *  * 

* t  

Aiming f i r s t  of a l l  a t  t h e  formulation of theor ies  t o  account f o r  some of 

' t h e  i r r e g u l a r  satel l i tes  of J u p i t e r  ( V I ,  VII, X ) ,  i n  t h e  expansions of t h e  

der iva t ives  of t h e  perturbation function terms we have retained terms of order 

'1 

, 

, 

~ 

2 2 ,3 2 2  ]no higher than (Y e ' ,  a e '  , e , a! z , since for these  satel l i tes ,  as shown by 
. i - - - -  - 
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Tokmalayeva's estimates (ref. 9) ,  we can neglect i n e q u a l i t i e s  having f a c t o r s  of 

l e s s e r  magnitude, provided only the  error  does not have t o  be b e t t e r  than 0:l 

i n  geocentric longitude. However, the pr inc ip le  by which the  program i s  formu- 

l a t e d  does not a t  a l l  depend on the  number of terms re ta ined  i n  the expansions. 

I n  the  i n t e r e s t  of saving t h e  reader constant r e f e r r a l  t o  pr imary sources, 

we w i l l  b r i e f l y  review the  bas ic  postulates of the  Hill-Brown theory i n  t h e  

f i r s t  two sections.  

The work w a s  car r ied  out under the  d i r e c t i o n  of Prof. N. S. Yakhontovaya, 

t o  whom t h e  author expresses h i s  deep appreciation. 

1. EQUATIONS OF MOTION AND FORM OF SOLUTION 

Let x, y, z be the  r e c t i l i n e a r  coordinates of a s a t e l l i t e  r e l a t i v e  t o  a 

moving system of axes with o r i g i n  a t  the point J (Jupi te r )  and base plane coin- 

c iding with the  plane of t h e  sun 's  orb i t .  The x-axis i s  directed toward t h e  

center of t h e  sun, forming a right-handed reference frame with t h e  y- and z-axes. 

A s  assumed, t h e  motion of t h e  sun  about t h e  center  of i n e r t i a  of J u p i t e r  and the  

s a t e l l i t e  i s  executed i n  a f ixed plane i n  an e l l i p t i c a l  o r b i t .  

We l e t  8 

I 

where n, n 

J u p i t e r .  

a r e  the  mean motions of the s a t e l l i t e  and t h e  sun, I i s  t h e  mass of 

The mass of t h e  s a t e l l i t e  i s  assumed equal t o  zero. 

Then the  equations of rdotion of the s a t e l l i t e  w i l l  have t h e  form ( r e f .  13,/642 

1899, Po 53) 

-- 
du ' xs - - 1 3. (D - m)2s + - m's + - m2u - 

2 2 (US + 2 2 )  J's 

r - -  .. 
t . . 6 
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Here R i s  the  perturbation function of the  r e s t r i c t e d  three-body problem: 

where 

- 
2~ a3,.** a re  obtained from a 2, a3, by subs t i tu t ion  of The values of a 

5 -' f o r  5 .  

The solut ions x, y, z of  these equations can be formally represented as  

trigonometric s e r i e s  i n  multiples of t h e  four  arguments 

(n - n') (f - to), 

m (n - n') (t  - t z ) ,  
c (n - n') ( t  --tl), 

g (n - n') (t  - t3), 

, ,  - 7  

, t 3 = - - -  are  the  d i f -  Eo-  - E  - - x  
8 -  E O  - E O  0 0  

j for which t 
0 -  n - n n '  9 f , = - c ( n - n ' )  > t z = - - - - -  - n' or ( n  - n') 

' : fexence i n  mean longitudes of the s a t e l l i t e  and sun, mean anomaly of the 
i 

i._ ._  7 
I /  
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b a t e l l i t e ,  mean anomaly of t he  sun, and mean l a t i t u d e  argument of t h e  s a t e l l i t e ;  

respec t ive ly  ( i n  these  formulas, E o,~o,D, a r e  t h e  mean longitude,perijove longi- 

tude,  and nodal longitude of t he  s a t e l l i t e  i n  t h e  i n i t i a l  epoch, €6, T; are t h e  

longitude of t h e  sun and t h e  longitude of i t s  per icenter  i n  t h e  same epoch, the& 

quan t i t i e s  c and g remain t o  be determined). 

I '  The coe f f i c i en t s  of t h e  trigonometric s e r i e s ,  i n  t u rn ,  a r e  expanded i n  

series ascending powers of e , e', k, and CY = a/a' , where e, k, a a re  para- 

meters denoting t h e  eccent r ic i ty ,  inc l ina t ion ,  and semimajor axis of t h e  satel- 

l i t e  o r b i t ,  e' and a' a r e  t h e  eccen t r i c i ty  and semimajor axis of t h e  sun 's  o r b i t .  

Going over t o  complex var iab les ,  it may be s t a t ed  t h a t  t h e  so lu t ion  u[-', 

s t ,  z 6, correc t  t o  constant fac tors  t h a t  a r e  nonessential  t o  t h e  determina- 

t i o n  of t h e  unknown coe f f i c i en t s  h , A can be represented a s  t h e  sum of i , r  i ,-r '  

inequa l i t i e s ,  each of which has t h e  form 

I n  t h i s  expression, A i s  the  cha rac t e r i s t i c  of t he  inequa l i ty  whose order 

i s  equal t o  i + i + i + i We can speak of t h e  order of  t h e  inequa l i ty  i n  

t h e  same sense. 

1 2 3 4 '  

The set  of a l l  i nequa l i t i e s  with the  c h a r a c t e r i s t i c A i n  t h e  

expansion of any coordinate w i l l  be cal led t h e  complex o f  i n e q u a l i t i e s  with 

1 t h a t  c h a r a c t e r i s t i c  and w i l l  be denoted by u l-', s At, z m, respect ively.  
A h 

' 
The values t h a t  + r c a n  assume f o r  the separate inequa l i t i e s  of a given complex 

1 7  - 

, ~ 

ca11 'ue GetemLi11cu n--- l L U U  J-L- U L A L  L.ycr-"s"-* - n l r n + i n n  (ref; 14). 
L, '. . ,  

- 5  I 

i ?  

I .  i i  I n  t h e  c h a r a c t e r i s t i c s  of t h e  inequa l i t i e s  of t h e  coordinates u and s, t h e  
1> I 
,,I index i i s  even, i n  t h e  cha rac t e r i s t i c s  of t he  inequa l i t i e s  of t h e  coordinate 
I .  3 - _  - - 

t --. . - 8 
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z t h e  index i id-odd. 3 
5 2 i t 7  An expression of t h e  type A i s  ca l led  a t e r m  of t h e  expansion with 

1 argument 2 i  i- T (occasionally,  for brevity,  t h e  term "argument" w i l l  be applied 

i ,T 

t o  t h e  q u a n t i t y 7 ) .  

The set of terms f o r  which t h e  quantity T remains invar ian t  forms a group. 

' The index i f o r  the  separate terms of tbe  group assumes those of t h e  values 0, 

+1/2, +1, +3/ 2,... f o r  which t h e  numbers 2 i  and i 4 a r e  i d e n t i c a l l y  even or odd. 

For the  coef f ic ien ts  of t h e  inequal i t ies  of t h e  coordinate z ,  we have t h e  

r e l a t i o n  

2. METHOD OF DETERMINING TEiE IJNKNOWN COEFFICIErJTS 

For determining t h e  unknown coef f ic ien ts  of t h e  inequal i t ies ,  the  method 

of undetermined coef f ic ien ts  i s  used, where as a f i rs t  approximation t h e  coef- 

f i c i e n t s  of t h e  zero-order inequal i t ies  a r e  determined, followed by the  coef- 

f i c i e n t s  of t h e  f i r s t - o r d e r  inequal i t ies ,  second-order, and so for th .  

L e t  the  coef f ic ien ts  of t h e  inequal i t ies  up t o  and including order n - 1 be 

already determined and l e t  it be required t o  f i n d  t h e  coef f ic ien ts  of the  nth- 

i order i n e q u a l i t i e s  with charac te r i s t ic  A .  It follows from t h e  foregoing sect ion 

t h a t  each coordinate can be represented as t h e  sum of complexes of inequal i t ies :  

- 
&-'=u,f +C.,t.-l, S:=s,,:+&:, z d ~ 1 = & + 1 ,  

4 

L. . 
where t h e  c h a r a c t e r i s t i c  p takes on a l l  possible values f o r  a given cooriiiriute 

except p =  0. Subs t i tu t ing  these expressions i n t o  t h e  equations of motion, w e  

equate terms containing t h e  f a c t o r  on t h e  r i g h t -  and left-hand s ides  of t h e  

equations. 

1 -  
- 7  

This leads t o  the  following r e l a t i o n s  ( r e f .  13, 1899) : /644 
L i  

C-' (D + rn)2 ux tMuxC-'  +NqC 1 i s  equal t o  'the sum of terms with c h a r a c t e r i s t i c  A 
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in the expression 

D 2 zX-- 2Mz 6 is equal to the sum of terms with characteristic X in the 
A 

expression 

where 

. 

The quantities P, 8, .  . . are obtained from P, R,. . . by substitution of 5-l 
f o r  6 .  

On the left-hand sides of equations (7) and (8) are enumerated all the 

terms containingtheunknowns u A ,  sA, and z It is sufficient to assume that 

on -&e LiglLL-liZiid sides sf t h e s e  e c y t . i  n n s  ,u acauires characteristics of order 
A' 

no higher than n - 1, since higher-order inequalities could not produce terms 

therein with the factor A. 
I 
(--A- . 

&-:-I- __  
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condition y ie lds  a system comprising an i n f i n i t e  number of l i nea r  equations with 

an i n f i n i t e  number of unknowns: 

r /  

where j = 0, 51, +2,..., 2 i  = 0, +1, ?2,. .., 2 i  - i4 are always even. 

The quan t i t i e s  A. ,  A M N decay r ap id ly  with increasing I il and 1 7 '  -i,-~' j' 5 
I j 1, and t h i s  means t h a t  we can l i m i t  t o  a f i n i t e  number of equations, which 

a re  solved s imply  by t h e  method of successive approximations. 

After r e j e c t i n g  t h e  required terms, equation (8) assumes t h e  form 

:-z4-T). ( 9 4  
(k:+ - -. - 

D'z,, 4-1 - . . ' - A  d T  1: -).$$ -1 '.- * 
~ - - I (  'i 

To determine t h e  coef f ic ien ts  of t h e  inequa l i t i e s  of t h e  coordinate 
i , T  

z, each of which has t h e  form 

. \-,. 
;- ,. p i -  ) 9  

[--2'--r - . .  
8 

we obta in  t h e  system 

where j E 0, fl, +2,..., 2 i  = 0, +1, +2,. . . ,  2 i  - i4 are even, which i s  a l so  

solved by  t h e  method of successive approximations. 
I 

i. 

I ,  I I n  t h e  case of i nequa l i t i e s  w i i i i  c ~ i & i " Z c t ~ r l a t i C s  k (7 = c and 7 = g ) :  

t h e  systems (10) and (11) are  homogeneous and can have non t r iv i a l  so lu t ions  

only i n  t h e  case when t h e i r  determinants go t o  zero. 

t o  determine t h e  unknowns eo and go. 

I r- 

This f a c t  can be u t i l i z e a  

and 

1 , '  

T L  

:[ 0 
A t  t h e  present time, t h e  values of c 

I, 1 %  which make t h e  determinant go t o  zero can be obtained by means of t h e  series 
1 , -- - _. 

- 
____ - . 12 

I 
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The presence of t he  expressions 

-c-1 (D' 7 .  -)E u,, - D Z  2 Zk i=1 

' on t h e  right-hand s ides  of equations (7) and (8) i s  a t t r i b u t a b l e  t o  t h e  f a c t  

t h a t  t h e  quan t i t i e s  c and g a r e  se r i e s  i n  even powers of t h e  fundamental para- 

' meters: 

2 12 c = co + e%,, t e #2 ce,l + z2c,, t K'c,, -i- e4c + e e I -  . . .) e4 

g = go + e2ge, 4 ef2gera -I- a2gal + k2gg,, + e4ge, t e2e'2geId,a + . . . 

I n  d i f f e r e n t i a t i n g  inequa l i t i e s  of  lower order than  n, terms of order n 

with t h e  c h a r a c t e r i s t i c  A can therefore  occur. 

After  t h e  necessary terms  have been eliminated from t h e  right-hand s ide,  

equation (7) assumes t h e  form 

(9) <-l (D + rn)2 uL + MuLC-' i- Ns,C = ah [Ai, J2i+T + Ai, _2C2i-7j. 
i, 'E 

On t h e  right-hand s ide of (9) we separate out  two groups of terms with /645 
arguments of t h e  form 2 i  +r and 2 i  - T - :  

a'i, 2 [Ai, ;C2it'i 4 Ai, -Ti2i-7]. 
* 

The inequal i ty  u 5 - l  corresponding t o  t h i s  p a i r  of values of +T i s  sought 
A17 

i n  t h e  same form a s  t h a t  i n  which we represented t h e  right-hand s ide:  
. .- 

.- , 

-1 
I I : T ~  s ~ k c t i t u t e  this e q r e s s j n n  f o r  u -6  and t h e  con,iugate quant i ty  s, 7 8  

A,' A, 

I - ,  i n t o  t h e  equation t h a t  der ives  from (9) by r e j ec t ing  a l l  groups of terms except 

and A i , r  i , -7  
m u s t  satisfy t'nis equa i iu r l ,  t h e  two chosen groups. Inasmuch a s h  

1 

- ;  
( 1  

t h e y  are determined from t h e  condition t h a t  t h e  coe f f i c i en t s  on t h e  r igh t -  and 

lef t -hand s ides  of t he  equation f o r  i d e n t i c a l  powers of 5 be equal. Thls 
. -  

i - -  
c 11 



computed by H i l l  and Ada&, which represent c and go as a function of t h e  
0 

parameter m (refs. LO and 19). 

one of t h e  unknown coef f ic ien ts  can be chosen a r b i t r a r i l y ,  t h e  r e s t  being de- 

After t h e  values of eo and % have been found, 

termined i n  t h e  u s u a l  manner. 

The coef f ic ien ts  of t h e  zero-order i n e q u a l i t i e s  
, 

w i l l  be regarded as known, since they have been obtained b y  H i l l  as power s e r i e s  

l i n  t h e  parameter m ( r e f s .  17 and 20). 

/646 3. FORMULATION OF THE PROGRAM AND MEMCIRY ALLOCATION 

The process of computing the  unknown coef f ic ien ts  of a complex of inequal- 

i t i e s  with a given charac te r i s t ic  can be broken down i n t o  a number of stages,  

including t h e  following: 

1) computation of t h e  terms of the right-hand members of equations (7) o r  

(8) , generated by d i f f e r e n t i a t i o n  of the perturbation function; 

2) computation of the  terms of the right-hand members of equations (7) o r  

(8), generated by s e r i e s  expansion of u 5  -1 /r 3 or z f i /  r 3 (terms of  equations 

(7) or (8) included i n  t h e  brackets) ;  

3) computation of t h e  terms of the right-hand members of equations (7) o r  

(8) generated by t h e  expressions 

, 

4) Determination o f  t h e  unknown coef f ic ien ts  of t h e  i n e q u a l i t i e s  from 
J l  

equations (7) or (8) 

During t h e  operation, t r a n s i t i o n  t o  t h e  next stage i s  rea l ized  only after 

completion of t h e  preceding computational stage. The sequence of operations 

embracing a l l  four stages forms a cycle, which i s  repeated as many times as 
- _  I .- 
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t here  a r e  d i f f e r e n t  complexes of inequal i t ies  t o  be computed i n  the  t o t a l  

process. 

The program of t h e  e n t i r e  operation i s  not stored i n  the  i n t e r n a l  memory. 

' of the  computer. For t h i s  reason, it i s  wr i t ten  on magnetic tape and, as needed, 

t h e  p a r t s  of t h e  program used t o  carry ou t  t h e  individual  computational stages 

a r e  t ransfer red  i n t o  t h e  operat ional  ( i n t e r n a l )  memory. ' 

The program of each of t h e  indicated stages can be f u r t h e r  broken down 

i n t o  a number of smaller sections,  o r  program blocks. 

accordance with the  functions t h a t  they perform i n  t h e  program. 

The blocks a r e  named i n  

The operational memory i s  divided i n t o  several  banks. 

Bank I (60 c e l l s )  s tores  the  executive routine.  One function of t h e  master 

program i s  execution of the  t r a n s i t i o n  from one of t h e  four  computational s tages  

t o  t h e  next. 

Bank I1 (130 c e l l s )  s t o r e s  t h e  charac te r i s t ics  of t h e  complexes of inequal- 

i t i e s  a t  t h e  beginning of operation. 

Bank I11 (120 c e l l s )  s t o r e s  t h e  quant i t ies  m, eo, go, Mi, Ni, Pi, Qi ,.... 
and the  coeff ic ients  of the  zero-order i n e q u a l i t i e s ,  a . A l l  of these  quanti- 

t i e s  are computed beforehand and a r e  fed  i n t o  memory a t  t h e  beginning of 

operation. 

i 

Bank I V  (500 c e l l s )  i s  s e t  apart  t o  s t o r e  the  coef f ic ien ts  of t h e  f irst-  t o  

t h i r d  order i n e q u a l i t i e s  and t h e  coef f ic ien t  of t h e  series expansions of c and 

- g. T h i s  bg.zk is fill& Tin divr-ing t he  C C ) = ~ C ~  cf c~erltion zs t h e  ueLno;v~L eoef- -r --- -** 
I 
- v  f i c i e n t s  a r e  computed. The coeff ic ients  of some of t h e  third-order  inequal i -  

, t i e s  and a l l  higher order inequal i t ies  a r e  m i t t e n  on magnetic t a p e .  

i 8 :  

i ,  

. .. 
The c e l l s  of bank V are used for  working storage. 
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Bank VI cons is t s  of 365 c e l l s .  One sect ion of these c e l l s  i s  used t o  re -  

cord t h e  right-hand members of t h e  equations (7) and (8) as  they  are computed, 

another t o  record the  r e s u l t s  of intermediate mult ipl icat ions,  and a t h i r d  t o  

record t h e  coef f ic ien ts  of t h e  complexes of i n e q u a l i t i e s  as they  a r e  t r a n s f e r r e d  

from tape. 

Banks V I 1  (430 c e l l s )  and VI11 (260 c e l l s )  contain t h e  rout ine for t h e  next 

1 stage of computations. Specif ical ly ,  i n  t h e  f i r s t  and second stages of bank 

VI11 are al located the  executive block of t h e  program and t h e  coef f ic ien ts  of 

t h e  expansions of the  der iva t ive  of the perturbation function and u t  -1 /r 3 o r  

z f i / r 3 .  

The most complex rout ine governs the  f i r s t  stage of computations. It i s  

w r i t t e n  so t h a t  the  t r a n s i t i o n  t o  the  second stage requi res  only replacement of  

t h e  executive block of t h e  program. The third-s tage program i s  designed t o  make 

u s e  of t h e  individual blocks of t h e  f i r s t - s t a g e  program. 

computations requires  a spec ia l  program. 

The fourth stage of 

Logical diagrams a r e  used below t o  record the  individual  blocks of t h e  

program. 

operators:  

The following system of notation i s  used f o r  t h e  various types of 

Arithmetic operator A; t ransmit operator T; address subs t i tu t ion  operator i647 , 

2'; r e s e t  operator 0; forming operator@; l o g i c a l  operator P; unconditional 

t r a n s f e r  operator E; return-to-subroutine operator E 
1 .  L 1' 

The symbols are arranged i n  t h e  iwgical d l a g - m s  i ~ ;  t h e  srder  i n  ~ h i c h  the  
'.l- 

' I  operators  function. If t h e  operator t r a n s f e r s  control  t o  other  than i t s  next 
t -  

I 

neighbor t o  t h e  r i g h t ,  t h i s  i s  so indicated by an arrow. For each operator , 

7 

i T '  depending on t h e  parameters, a l l  of the  parameters on which it depends i s  l i s t e d  
1. 

I' , ' 
i n  brackets.  For t h e  r e s e t ,  address subs t i tu t ion ,  and formingoperators, it i s  

i ' !  1 . .--- 
r 
I _ _  - 1 5  
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indicated vhich opera tor  performs t h e  given operation. For t h e  l o g i c a l  opera- 

t o r s ,  t h e  l o g i c a l  statement t o  be t e s t e d  i s  normally indicated.  

t h e  logic  statement i s  not s a t i s f i e d ,  t r a n s f e r  of control  is  indicated by an 

arrow. 

I n  t h e  event 

I f  t h e  t r a n s f e r  of control i s  executed t o  a block whose diagram i s  given 

' i n  another f igure ,  t h e  end of t h e  arrow i s  marked by the  number of t h i s  block 

' and t h e  number of t h e  operator t o  which control  i s  t o  be t ransfer red .  The re- 

ceiving of control  from operators of other blocks i s  indicated analogously. 

The program blocks are assigned the following numbers: 

I) par t i t ion ing  block; 11) block f o r  determination of i n i t i a l  c e l l s ;  

111) block f o r  computation of t h e  arguments; I V )  block f o r  determining addresses 

of t h e  products; V) block f o r  analysis of t h e  type of mult ipl icat ion;  VI) m u l t i -  

p l i c a t i o n  block; VII) mult ipl icat ion check block; VIII) block for mult ip l ica t ion  

by K[ P a;; I X )  master program block for computation of terms i n  t h e  right-hand 

member of equation (7), generated by aL?/as; X) master program block for compu- 

t a t i o n  of terms i n  t h e  right-hand member of equation ( 8 ) ,  generated by E n; 
X I )  master program block f o r  computation of terms i n  the  right-hand member of 

equation (7), generated by s e r i e s  expansion of u5-l / r3;  X I I )  master program 

block for computation of terms i n  the right-hand member of equation ( 8 ) ,  gen- 

e ra ted  by series expansion of z fi/ r3; X I I I )  executive rout ine f o r  t h e  t o t a l  

operation. 

4. SELECTION OF TERMS WITH CHARACTERISTIC h FROM 

'i - Computing t h e  par t ia l  der ivat ives  of with respect  t o  s and z, t h e  expres- 
!. t 

' 

' i ' t i o n s  (7) and (8) can be wr i t ten  i n  the  following form: 
L i i  

a n  -0 7 

sions f o r  - E<'-' and - L d-1 appearing i n  the rL&it-ktGGd ~ e i ~ k c r s  sf -n91p- -yu- 
a s  2 a z  

i >  

1 ,  

[ r I-- - 
16 r -  

I - ._ . 
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The expressions contained in the brackets are called rows of the expansion 

Let us now consider the problem of how aL2/as and aR/az  can generate terms 

with the characteristic A in the right-hand members of equations (7) and (8). 

Everywhere in the expansions (12) and (13), ut;-', sc, and z a must be 
replaced by the sums X U ~ : - ~ ,  ~ s ~ L ,  &dzi, where p runs through all possible 

characteristics of order less than the order of h for a given coordinate (in the 

present case u t;-L and s t; are included in Xu &-' and Cspl;). Since up., sP, and 

z have the factor p., with this substitution the products will contain terms 

with different characteristics. 

0 0 p. 

P 
From amongst all the products it is required, 

I in the case of the nth numbered row, to choose those which have the characteris- 
/ n-1 n-1 tic A/an-', since all the terms of this row have the factor (A/a ) 

I .  in iruni UT tiie bracketed cxprecsizn. The qnmt. i t . ies  a2: b2> a_, . . .appearing 
in the expressions for the individual terms of the expansions (12) and (13) are 

power series in the parameter e'. 

' = a  
- . -  - 

3-  $ 1  
c - _  

In these series, we separate expressions 

,! ;+ which comprise factors associated with efh and perform multiplication of the 

'complexes of inequalities only by these expressions. Then, from all the poszible 
1 1  _ j  . -  



__ 
products i n  each term of the  expansion, it i s  necessary t o  s e l e c t  those which 

n-1 / h  have the  f a c t o r  A/a e . 
Once a l l  t h e  products s a t i s f y i n g  t h i s  condition have been chosen, we can 

go on t o  t h e  new value of h and repeat t h e  cycle of computations. 

values of h admissible f o r  t h e  charac te r i s t ic  A have been exhausted, it i s  nec- 

essary  t o  pass  on t o  a new value of n and repeat the  e n t i r e  cycle of computa- 

t i o n s  f o r  t h e  next row, beginning w i t h  t h e  zero value of t h e  parameter h. 

A f t e r  a l l  

Con- 

sequently, two cycles of operations take place,onenested i n  the  other ,  where 

the  cycle i n  n i s  the  outer  one. 

We t u r n  now t o  t h e  problem of select ing terms with t h e  c h a r a c t e r i s t i c  

A/an-’e‘ from a l l  t h e  possible products generated by an individual  term of the  

expansion o f a q a s  o r  aa/az.  

This  problem can be formulated i n  a somewhat d i f f e r e n t  fashion: f o r  a given 

term of t h e  expansion, f i n d  a l l  admissible combinations of t h e  n fac tor -  

c h a r a c t e r i s t i c s  having A/a e as t h e i r  product. Each such combination w i l l  

give t h e  c h a r a c t e r i s t i c s  of those complexes of i n e q u a l i t i e s  which m u s t  be m u l t i -  

n-1 ,h  

n-1 , h  p l ied  i n  order t o  obtain a product with t h e  c h a r a c t e r i s t i c  A/a e . I n  form- 

u l a t i n g  t h e  problem, p a r t i c u l a r  mention i s  made of t h e  f a c t  t h a t  not every such 

breakdown of t h e  c h a r a c t e r i s t i c  i n t o  n f a c t o r s  can be u t i l i z e d ;  t h e  p a r t i t i o n i n g  

m u s t  be  admissible f o r  t h e  given term. The need f o r  pointing t h i s  out  emerges 

f’rom t h e  f a c t  t h a t  t h e  complexes of inequal i t ies  of t h e  coordinates u and s can 

, ’ ‘have t h e  c h a r a c t e r i s t i c s  containing t h e  parameter k U K L Y -  in even pcuers, ::here- 

‘’ 
L+ 

a s k  only  en ters  i n  odd powers i n t o  the c h a r a c t e r i s t i c s  of complexes of inequal- 

i t i e s  of t h e  coordinate Z .  

f a c t o r s k 2  *k? i s  a permissible p a r t i t i o n  f o r  t h e  f i rs t ,  second, and t h i r d  t e r n s  

I ,  
Par t i t ion ing  of the c h a r a c t e r i s t i c  k- i n t o  t h e  

\ {  

I ’  

i #of t h e  second row of t h e  expansion of  asl/as, while on t h e  o ther  hand t h e  
1 : ! __... 

18 r-- -- 
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p a r t i t i o n i n g  i n t o  k *k3 and k 3 *k i s  inadmissible f o r  these terms. I n  t h i s  con- 

nection i s  introduced t h e  concept of " p a r t i t i o n  types." 

s p l i t  f a c t o r s  contains an even power o f  t h e  parameter k, we say t h a t  t h e  charac- 

t e r i s t i c  i s  subject t o  u-type par t i t ioning.  

z-type par t i t ioning.  

than two f a c t o r s ,  w e  speak of a sequence of p a r t i t i o n  types or of one complex 

par t i t ion .  

If t h e  f i rs t  of t h e  

I n  t h e  opposite case, we c a l l  it /649 

If  the  charac te r i s t ic  i s  subject t o  p a r t i t i o n i n g  i n t o  more 

For example, i n  par t i t ion ing  t h e  charac te r i s t ic  A - k e l 2 e 2  i n t o  t h e  

f a c t o r s  k*e/2.e2, we are faced with a z-u-type p a r t i t i o n ;  f i r s t  t h e  p a r t i t i o n  

I k*e12e2 (z-type),  then par t i t ion ing  of t h e  second f a c t o r  e t2e2  i n t o  eX2*e2 

(u- type) .  

row can be specif ied by means of a log ica l  scale.  

The sequence of admissible types of p a r t i t i o n s  f o r  each term of the  

We agree t o  code t h e  u-type 

p a r t i t i o n s  by 0, t h e  z-type by 1. 

a code 10. 

X2/as i s  w r i t t e n  out i n  the form 

Then a complex p a r t i t i o n  of t h e  type z-u has 

The l o g i c a l  scale  f o r  the types of p a r t i t i o n s  i n  t h e  t h i r d  row of 

__ 
I 

1 1  010 I l i l i i ! I l l I l l l  0 0 0 0 0 ' 0  0 0 0 0 o / o  \I J c i /  0 , 

term term term term term' 

1. ... . . ......... .. ~~ 

~ 

I -~ '--. -- 
6th 

term 

It would be s u f f i c i e n t  t o  a l loca te  two places f o r  each t e r m  of t h i s  row. 

The excess places are f i l l e d  with zeros. 

i s t i c  A i n t o  two f a c t o r s ,  t h e  first place i s  separated by a scanner probe from 

t h e  places of t h e  l o g i c a l  scale  set aside f o r  t h e  term of t h e  row subject  t o  

pzr-!A-b:~~:~g. 

pared with t h e  permitted par i ty  determined from t h e  log ica l  scale.  

second f a c t o r  i s  subject  t o  fur ther  breakdown, t h e  probe moves one place to <ne 

r i g h t  and picks out  t h e  type of p a r t i t i o n  admissible f o r  t h e  second fac tor ,  and 

1 so on. 

I n  par t i t ion ing  a c e r t a i n  character-  

%,e pEri-!qr cf the  ~ W P Y  n P k  i n  the  f i rs t  s p l i t  f a c t o r  i s  com- 

If t h e  

' 

1 

. Each p a r t i t i o n  of A i n t o  several  f a c t o r s  w i l l  be su i tab le  f o r  a l l  
L' , 

I 1  

I 1 L  -- 19 
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; 

subsequent terms of a s ingle  row f o r  which the  type of p a r t i t i o n ,  coded i n  t h e  

next four sequential  places, remains unchanged. 

P rJ. 

This follows f r o m t h e  f a c t  t h a t  

both u 5-l  and st; have t h e  f a c t o r  p. Consequently, f o r  example, i f  u c -1 uv& -1 

-1 -1 
sv 5 ,  sp5 u “5 has t h e  f a c t o r  A ,  then so do u 5 

with t h i s ,  having obtained t h e  next par t i t ion ,  we c a r r y  out a l l  the  necessary 

, sp(sv 5. I n  correspondence 
p. 

’ 
operations,  f o r  a given term of t h e  row, on t h e  series, then we go on t o  the  

next term ( the  l o g i c a l  scale  s h i f t i n g  f o u r  places t o  t h e  l e f t  relative t o  t h e  

posi t ion f o r  the  preceding term) and, i n  t h e  event t h a t  t h e  type of p a r t i t i o n  

remains as before, we car ry  out, on the b a s i s  of t h e  same p a r t i t i o n ,  t h e  opera- 

t i o n s  needed f o r  t h i s  term, etc .  If  i n  going on t o  t h e  next term there  i s  a 

change i n  the  type of p a r t i t i o n ,  we re turn along t h e  row t o  t h e  beginning of 

t h a t  group of terms of the  expansion o f  asl/as or a ~ / a z  which has j u s t  been 

found i n  t h e  operation ( the  l o g i c a l  scale m u s t  be r e s e t  i n  t h i s  case) .  

stage i n  t h i s  case i s  t o  obtain a new p a r t i t i o n  of the  same c h a r a c t e r i s t i c  i n t o  

The next 

t h e  required number of fac tors .  The process j u s t  described i s  repeated with 

t h e  new p a r t i t i o n .  After a l l  par t i t ions  of t h e  c h a r a c t e r i s t i c  admissible f o r  a 

given group of terms have been exhausted, we move t o  t h e  r i g h t  along t h e  r o w  of 

t h e  expansion of an /as  or aQ/az t o  a new group of terms which have t h e  same type 

of p a r t i t i o n .  Then t h e  l o g i c a l  scale i s  sh i f ted  t o  t h e  l e f t  so t h a t  t h e  code 

f o r  t h e  admissible type of p a r t i t i o n  f o r  the  f i r s t  term of t h e  new group w i l l  

be i n  t h e  f i rs t  four  places of t h e  memory c e l l .  

The c h a r a c t e r i s t i c  A i s  again subjecteu t o  a i i  a c i m i s s i b k  p e i % i t i G i i s  f o r  

1 ,  
t h e  new group, on t h e  basis of which a c e r t a i n  number of terms of t h e  r i g h t -  

hand members of equations (7) or  (8) i s  computed each t i m e .  

groups of terms of t h e  one row have thus been exhausted, w e  go o n t o  a new value 

When a l l  t h e  

- 3  

~ 

n-1 /h+l  e 9 ;of  t h e  parameter h. Using the  new value of t h e  c h a r a c t e r i s t i c  x1 = A/, 
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providing of course t h a t  it contains only negative powers of t h e  parameter e' ,  

t h e  whole computational cycle embracing t h e  se lec t ion  of terms with t h e  charac- 

t e r i s t i c  h from t h e  same row of t h e  expansion m u s t  be repeated. 

c a r r y  out  address subs t i tu t ion  of t h e  cycles i n  n and r e s e t  according t o  t h e  

parameter h, and, i f  Ala! 

Otherwise, we/650 
1 

n 
does not contain negative powers of t h e  parametera ,  

i we execute t h e  computations f o r  a new row. 

o r  second, stage of computations for detect ing t h e  negative powers (see sect ion 

It i s  necessary t o  go on t o  t h e  next, 

3) 9 

5. PARTITION OF THE CHARACTERISTIC INTO TWO OR MORE FACTORS 

We note f i r s t  of a l l  t h a t  t h e  charac te r i s t ic  t o  be par t i t ioned i s  always 

an order  lower than t h e  charac te r i s t ic  of t h e  complex of i n e q u a l i t i e s  whose 

c o e f f i c i e n t s  a r e  being determined a t  any given stage. 

n-1 , h  t i t i o n  i s  applied t o  h/a e 

This i s  because the  par -  

, ra ther  than t o  A ,  where n-1 and h cannot be e q u a l  

t o  zero a t  t h e  same t i m e ,  s ince t h e  

Consequently, assuming t h a t  a c e r t a i n  c h a r a c t e r i s t i c  i s  par t i t ioned i n t o  p a r t s  

and b s e r i e s  are devoid of a f r e e  term. 
2 2 

of order no higher than the  order of the  c h a r a c t e r i s t i c  being par t i t ioned,  we 

always obtain t h e  c h a r a c t e r i s t i c s  of the  i n e q u a l i t i e s  with known coeff ic ients .  I 

A s  a l ready mentioned, t h e  machine memory s t o r e s  t h e  c h a r a c t e r i s t i c s  of a l l  

t h e  i n e q u a l i t i e s  whose coef f ic ien ts  are t o  be determined. The f a c t o r s  i n t o  

which t h e  c h a r a c t e r i s t i c  (denoted b y h )  i s  par t i t ioned  a r e  terms of t h i s  block 

- of c h a r a c t e r i s t i c s .  

T e t ,  l i s  see how t.he c h a r a r t e r i s t i c e k 2  can be broken down i n t o  two ?arts. 

' - L  It i s  apparent t h a t  t h i s  can only be accomplished i n  s ix  ways: 

! , I  ; 
L : /b'i. zero-order inequal i ty  has a c h a r a c t e d s t i c  1). 

i-:- - 21 



r-- -- . . 3  
__ - - - _. . , 

It i s  r e a d i l y  seen how t h e  par t i t ion ing  process can be formalized. 

For t h e  f i rs t  f a c t o r  p,  a l l  t h e  terms a r e  picked out i n  sequence from t h e  

block of c h a r a c t e r i s t i c s  whose order does not  exceed t h e  order of t h e  character-  

' i s t i c  being par t i t ioned.  

c h a r a c t e r i s t i c s  i s  fixed. 

t h e  parameters a, e , e ' ,  k , then t h a t  p a r t i t i o n  i s  re jec ted  as inadmissible. 

I n  t h e  order described i n  t h e  preceding section, a t e s t  i s  made t o  determine 

whether t h e  parity of t h e  power of' k i n  t h e  f i r s t  f a c t o r  corresponds t o  an ad- 

missible type of p a r t i t i o n .  

next c h a r a c t e r i s t i c  f o r  p and repeat  t h e  computational cycle. 

Each t i m e ,  the  order number j, of p i n  t h e  block of 

I f  it turns ou t  t h a t  A / p  contains negative powers of 

I f  correspondence does not  exis t ,  we choose t h e  

So as not t o  overburden t h e  memory with t h e  f a c t o r s  i n t o  which a given 

c h a r a c t e r i s t i c  i s  par t i t ioned ( t h e i r  number can be r a t h e r  l a r g e ) ,  it i s  b e t t e r  

t o  w a i t  u n t i l  a l l  t h e  necessary operations have been carr ied out  on the  com- 

plexes of i n e q u a l i t i e s  on t h e  b a s i s  of t h e  preceding p a r t i t i o n  before going 

ahead with t h e  next one. 

Le t  us now consider t h e  case of p a r t i t i o n i n g  i n t o  three  or more fac tors .  

The second f a c t o r  i n  each of t h e  s ix  a l t e r n a t i v e s  f o r  t h e  p a r t i t i o n  of ek2 i n t o  

two p a r t s  can be subjected i n  t u r n  t o  p a r t i t i o n i n g  i n t o  two f a c t o r s ,  thus ex- 

haust ing a l l  possible p a r t i t i o n s  ofek i n t o  three  p a r t s .  

order  of operations i n  t h e  case of  p a r t i t i o n  i n t o  three  or more f a c t o r s  might be 

t h e  following. Having obtained t h e  next p a r t i t i o n ,  for example 2) above, e*$, 

we t e s t  t o  see whether t h e  number of f a c t o r s  i s  s u r r i c i e n t  for t h e  given row of  

aQ/as o r  ds2/az. If such i s  not  t h e  case, t h e  second f a c t o r  i s  subjected t o  a l l  

possible  p a r t i t i o n s  i n t o  two p a r t s .  

However, i n  order t o  be able  t o  obtain t h e  next p a r t i t i o n  3) k o e k o f  t h e  i n i t i a l  

! c h a r a c t e r i s t i c e k 2  after exhausting a l l  p a r t i t i o n s  of k , i n  going t o  t h e  stage 

Consequently, t h e  

The procedure remains exac t ly  as before. 
1 

2 



of par t i t ion ing  k2 we must s t o r e  t h e  c h a r a c t e r i s t i c  par t i t ioned  i n  t h e  preceding 

stage,  as w e l l  as t h e  order number j of t h e  l a t t e r  charac te r i s t ic ,  which has /651 1 - 
'a lready been t e s t e d  i n  t h e  preceding stage as t h e  f i r s t  fac tor .  

,accomplished by t h e  following procedure. 

This can be 

The f i r s t  of t h e  f a c t o r s  i n t o  which t h e  c h a r a c t e r i s t i c  i s  par t i t ioned  i s  

I entered i n  t h e  c e l l B  t h e  second i s  entered i n  t h e  c e l l  B: 1' 

Then i n  t h e  c e l l  numbered ; j  > we enter j 

i n  the  block of charac te r i s t ics .  

t h e  order number of t h e  f i rs t  f a c t o r  
1 1' 

I n  the  c e l l D  i s  s tored t h e  c h a r a c t e r i s t i c  1 

t o  be par t i t ioned  a t  t h i s  stage. If the  number of f a c t o r s  i n t o  which t h e  

c h a r a c t e r i s t i c  i s  par t i t ioned  proves t o  be i n s u f f i c i e n t ,  we t r a n s f e r  t h e  contents 

of  D t o  D4, D2 t o  D D t o  D,, and B t o  Dl. F igura t ive ly  speaking, t h e  s h i f t  3 3' 1 
pulse moves t o  t h e  r i g h t  from D t o  B. Similarly,  we l e t  a s h i f t  p u l s e  t o  the  

3 
' l e f t  move from B t o  B and from< j > t o  < j,> . A s  a resul t ,  t h e  necessary 

3 1 3 
q u a n t i t i e s  w i l l  be f ixed  i n  t h e  c e l l s  D < j  >, B2. The new contents of t h e  2' 2 

c e l l D  
1 

i n t o  Bl and B. 

i s  subjected t o  par t i t ion ing  and t h e  new p a i r  of f a c t o r s  i s  entered 

If t h e  number of f a c t o r s  i s  s t i l l  not enough, t h e  process i s  

repeated. F ina l ly ,  t h e  c e l l s  B, Bl, B2, ... w i l l  contain t h e  required number of  

j block of c h a r a c t e r i s t i c s  ( j ,  t h e  order number of t h e  f a c t o r  contained i n  t h e  

* c e l l  E, is f i e t p ~ d ~ e " ,  h T r  V J  nnmnaring -vl----- t h e  c~l+_pn-l-s ~f -k.his c p l l  w i t . h  t.he cells n-f 
I ,  
, I  

3 t h e  c h a r a c t e r i s t i c  block).  The s e t  of numbers j ,  j,, j,, j3,. . comprises t h a t  
1. i 

information relative to t h e  par t i t ion,  which i s  needed for operation of t h e  

subsequent program blocks. 
. 5  

1 

To obtain t h e  second and subsequent p a r t i t i o n s  i n t o  
i / 1  

i 

' in f a c t o r s ,  t h e  contents of D 
- -. 1 

are  subjected to f u r t h e r  par t i t ion ing  i n t o  two 



fac tors .  I n  t h i s  case, only t h e  contents of the  c e l l s  Bl, B, i j >, and< j >  will 1 
change. Each new p a r t i t i o n  i s  p u t  in to  operation, and o n l y t h e n  do we obtain 

t h e  next p a r t i t i o n .  A f t e r  a l l  possible p a r t i t i o n s  of the  contents of D i n t o  

two f a c t o r s  have been exhausted, it i s  required t o  obtain t h e  next p a r t i t i o n  of 

t h e  preceding stage. 

Bl, a n d < j  > a t  t h e  i n s t a n t  of t h e  l as t  p a r t i t i o n  of t h e  pre-  of t h e  c e l l s  Dl, 

ceding stage. 

i n t o  Dl, D 

t h e  r i g h t ,  proceeding from B t o  B and f r o m < j  > t o  <j4>. Clearly, after t h e  

next p a r t i t i o n  of t h e  preceding stage, t h e  number of f a c t o r s  w i l l  be Insuf f ic ien t  

1 

It i s  required primarily f o r  t h i s  t o  renew t h e  contents 

1 

2 
This can be done by t ransfer r ing  t h e  contents of t h e  c e l l s  D 

t o  D2, D4 t o  D 
3 3 ( s h i f t  p u l s e  t o  the  l e f t )  and by a s h i f t  pulse t o  

2 4 2 

and it w i l l  be n e c e s s a r y t o  go on t o  t h e  next higher stage, as already described. 

A s  a resu l t ,  new quant i t ies  appear  i n  t h e  c e l l s  B < j  >, and D The charac- 2' 2 1' 
t e r i s t i c  t ransfer red  i n t o  c e l l  D 

It may happen t h a t  a l l  p a r t i t i o n s  of t h e  preceding stage have already been ex- 

i s  again subjected t o  par t i t ion ing ,  and so on. 1 

' hausted. I n  such event, we proceed j u s t  as i n  t h e  exhausting of t h e  p a r t i t i o n s  

i n  t h e  highest  stage, i.e., we e f f e c t  a t r a n s i t i o n  t o  t h e  next lower stage. The 

process of par t i t ion ing  a given charac te r i s t ic  ends when a l l  p a r t i t i o n s  of each 

stage have been exhausted. 

An operational flowchart of t h e  p a r t i t i o n  block may be wr i t ten  as follows: 

:'? ~ 

I 
!r : , 

The operator 0.. receives  control from t h e  executive block. The i n i t i a l  
L 

8 c h a r a c t e r i s t i c  must be t ransfer red  t o  t h e  c e l l  Dl i n  t h i s  case. It renews t h e  
--! 

- 4  

' !' ' i n i t i a l  value of t h e  parameter i (i = 2) and pos i t ion  of t h e  probe (see Pa). 
I ,  

a /  
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0 renews t h e  value of t h e  parameter j (3, = 0). 2 
Q3, on t h e  b a s i s  of t h e  order of c h a r a c t e r i s t i c x  t o  be par t i t ioned  a t  a 

given s tage (found i n  t h e  c e l l  D ), forms t h e  l a r g e s t  value J t h a t  can be as- 
1 

sumed by t h e  parameter j, (J i s  equal  t o  t h e  number of c h a r a c t e r i s t i c s  whose 

order i s  no greater than the  order of t h e  c h a r a c t e r i s t i c x ) .  

, <  

& P tes ts  fu l f i l lment  of t h e  indicated l o g i c a l  statement. 5 
A s e l e c t s  f r o m t h e  block of charac te r i s t ics  t h e  one with t h e  number j and 6 1 

t r a n s f e r s  it t o  t h e  c e l l  B it formsx/p and e n t e r s  it i n  c e l l  B. 1; 
P tes ts  fu l f i l lment  of t h e  following condition: contains no negative 

7 
powers of t h e  parameters e , e’, a , k. 

P by means of  t h e  scanner probe segregates from t h e  logic  sca le  t h e  8’ 
admissible type of p a r t i t i o n ;  it tests f u l f i l l m e n t  of the  following condition: 

The p a r t i t i o n  a c t u a l l y  obtained coincides with t h e  admissible type. 

N P tes ts  fu l f i l lment  of t h e  following condition: 1 = n, where % i s  t h e  9 
number of f a c t o r s  i n t o  which t h e  i n i t i a l  c h a r a c t e r i s t i c  must  be par t i t ioned.  

A determines the  order number’j of t h e  c h a r a c t e r i s t i c  located i n  t h e  
10 

c e l l  B. 

Ell t r a n s f e r s  control  t o  t h e  block f o r  determining t h e  i n i t i a l  c e l l s .  

T12 k k+l’ -+ 1, 
transmits t h e  contents o f  the c e l l s  ( s h i f t  pulse) D - D 

j 3 Bk--+ Bk+l, <j,-<jk+,;., beginning with t h e  l a r g e s t  value of t h e  parameter k. 

F increments t h e  parameter i once; it s h i f t s  t h e  probe one place t o  t h e  13 

F-l decrements t h e  parameter i once; it s h i f t s  t h e  probe one place t o  t h e  
I 15 
le f t .  

P16 tes ts  fu l f i l lment  of the  following condition: i 2 2. I f  t h e  condition 

! .  . .  

25 I- - - 
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i s  not f u l f i l l e d ,  it t r a n s f e r s  control t o  t h e  executive rout ine,  which executes 

t r a n s i t i o n  t o  a new group of terms of the  same row. 

I 17 k k-1, Bk-B k-1' T t ransmits  t h e  contents of the c e l l s  D - D 

<jk'-< j k-l> , beginning with t h e  smallest value of t h e  parameter k. 

6. STORING TRE COEFFICIENTS OF "E INEQUALITIES I N  M A C " E  MEMORY 

Below we w i l l  wri te  t h e  inequal i t ies  i n  a form d i f f e r i n g  somewhat from t h a t  

are computed during k used i n  sect ion 2. Inasmuch as t h e  arguments T 1' T 2 , * . * ,  T 

t h e  course of operation according t o  equation (5) , which gives both t h e  values 

of  and -T, it i s  sensible  t o  wri te  the  complex of i n e q u a l i t i e s  with charac- 

t e r i s t i c  h i n  t h e  coordinate u as follows: 

assuming t h a t  T runs through a l l  values defined by equation (5) .  

s i d e r  t h a t  t h e  groups of t h e  complex which have t h e  form 

We w i l l  con- 

are numbered i n  t h e  order i n  which the arguments of t h e  groups T 

during t h e  course of operation according t o  equation (5).  

are computed k 

It i s  supposed i n  equatian (14) t h a t  for  i odd, i assumes values of +1/2, 

I n  t h i s  case, w e  will speak of a s e r i e s  i n  odd powers of 5 , otherwise 

4 
+3/2,. . 
of a series i n  even powers. 

For programming purposes, it i s  convenient t o  assume t h a t  t h e  index of t h e  

Consequently, i n  t h e  case of c o e f f i c i e n t  i n  every case assumes integer  values. 

C.PYLPC. i_n naa Fowers of 1: we w i l l  write equation (14) i n  t h e  form 

4'* 

, ' 

! I  

. :assuming $ -  - t h a t  i obtains  in teger  values 9n t h i s  case as well. 

26 
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A very important problem i s  t o  es tab l i sh  reasonable limits of va r i a t ion  of 

t h e  index i. The choice of  these  limits rests, on t h e  one hand, on t h e  desired 

accuracy of t h e  computations, on t h e  other hand on t h e  capaci ty  of t h e  opera- 

t i o n a l  memory. 

1653 

Expanding t h e  limits o f  va r i a t ion  of t h e  index i, of course, 

increases  t h e  machine t i m e  f o r  t he  task. 

The quan t i t i e s  A i n  general ,  decrease r ap id ly  with growing I il For 
iJ ’ 

instance,  t h e  coef f ic ien ts  a. of t h e  zero-order i nequa l i ty  have a value of t h e  

order ,lei’ For higher order i nequa l i t i e s ,  t h e  coe f f i c i en t s  A 

orders  with respect  t o  m severa l  un i t s  higher or lower than  12iI ( t he  order al-  

ways remains nonnegative), these  deviatlons having a tendency t o  increase with 

1 

can have 
i, 

increas ing  orders  of t h e  inequa l i t i e s .  If  t h e  coe f f i c i en t s  of t h e  inequa l i t i e s  

of d i f f e r e n t  order were t o  be computed with t h e  same accuracy, t h e  s i t u a t i o n  

j u s t  noted would necess i ta te  an increase i n  t h e  limits of va r i a t ion  of t he  index 

i with increasing orders.  This i s  not t h e  case i n  r e a l i t y .  The reason f o r  t h e  

” s c a t t e r ”  of orders of t h e  coef f ic ien ts  i s  found i n  t h e  small d iv i so r s  which a- 

r ise I n  determining c e r t a i n  coef f ic ien ts  from t h e  systems of equations (10) and 

(11). 

lowers t h e  accuracy with which it i s  determined. 

A small d iv isor  not  only lowers t h e  order of t h e  coef f ic ien t ,  it a l so  

I n  view of t h i s ,  t h e  r i g h t -  

hand members of t h e  equations f o r  determining t h e  coe f f i c i en t s  of higher order 

i n e q u a l i t i e s  a re  computed, general ly  speaking, with g rea t e r  e r r o r  than t h e  r i g h t -  

hand members of t h e  equations f o r  determining t h e  coe f f i c i en t s  of t h e  inequal i -  

, t i e s  of t h e  preceding orders.  Consequently, iiie1.e OCCii i -S 6 progressiTwre less cf 

accuracy with which t h e  coef f ic ien ts  of t h e  various orders  of i nequa l i t i e s  can 

be computed. On t h e  o ther  hand, it i s  a l l  r i g h t  t o  know t h e  higher order in -  

e q u a l i t i e s  with lower accuracy, since they  a re  mult ipl ied by smaller character-  

t i s t i c s .  Thus, i n  pa r t  a t  l e a s t ,  t he  loss  of  accuracy i n  determining t h e  i-.- 
r-- - 
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coef f ic ien ts  with increasing orders of t h e  inequa l i t i e s  i s  compensated. 

of the  f a c t  t h a t  the  "sca t te r"  of the  orders  proceeds i n  p a r a l l e l  with the  re-  

duction i n  computational accuracy, t he  l i m i t s  of va r i a t ion  of i f o r  which a l l  

I n  view 

nonnegligibleterms a re  taken in to  accarht a r e  not taken in to  account with in-  

creasing orders of t he  inequal i t ies .  

together ,  a l b e i t  slowly. 

pelled i n  any case t o  use a value of I i 1 any higher than f i v e ,  and f o r  inequal- 

i t i e s  i n  odd powers of 6 ,  never a value of 1 2 i l  higher than ten .  

s a t e l l i t e s  of Jup i t e r  ( V I ,  VII, and X ) ,  requir ing lower accuracy, t he  limits 

On the  contrary, they a re  brought c loser  
' 

I n  formulating h i s  lunar theory, Brown was not com- 

For the  

can be f ixed even narrower. This i s  confirmed by the  work of S. S. Tokmalayeva 

i n  determining the  perturbations of the s a t e l l i t e  VII. 

We w i l l  assume below t h a t  i varies  within the  l i m i t s  -4 < i G -1-4, and i n  

those cases when the  se r i e s  i s  i n  odd powers of 6 ,  - 3 6  i <  -I-4. Ten c e l l s  of 

memory a re  a l located f o r  t h e  coeff ic ients  of each group of terms, these c e l l s  

containing i n  order of increasing c e l l  address 

L4,=, L3,T, 1-2, 'c, i- , ., 5 ,  1 ,, :> ' 2 ,  :, ',I, > 4 , 7 3  

which a re  t h e  coef f ic ien ts  associated respect ively with 

c-8+* <-6+7, r-4+T, '-2+', L T ,  p -, <*+: _I , ', . . , V h t T  . 
> 

I n  the  case of s e r i e s  i n  odd powers of 5 ,  we agree t o  leave the f i rs t  c e l l  

, of the  group empty, placing i n  t h e  remaining c e l l s  
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A c e l l  corresponding t o  t h e  index i =: 0 w i l l  be ca l led  the  i n i t i a l  c e l l  of 

t h e  group of coeff ic ients ,  and whenever t h e  group i s  t h e  f i r s t  one i n  t h e  complex, 

t h e  c e l l  i n  which A o , ~ l  i s  stored w i l l  be ca l led  t h e  i n i t i a l  c e l l  of t h e  complex 

of inequal i t ies .  Knowing t h e  group number k and t h e  number No of t h e  i n i t i a l  

' c e l l  of t h e  complex, it i s  a s i m p l e  matter t o  ca lcu la te  t h e  number of t h e  

' i n i t i a l  c e l l  of 

The number 

stored i s  equal 

t h e  group. It i s  p la in ly  equal t o  

(15) N o + 9 ( k - l ) .  

of t h e  c e l l  of t h i s  group i n  which t h e  coef f ic ien t  A 

t o  

i s  /654 i, k 

N,, + Q (k - I) - i -  i. 

Inasmuch as t h e  coordinate s i s  t h e  complex conjugate of t h e  coordinate u, 

t h e  coef f ic ien ts  of t h e  i n e q u a l i t i e s  o f  t h i s  coordinate can be easily derived 

i f  t h e  coef f ic ien ts  of t h e  inequal i t ies  of t h e  coordinate u a r e  known. 

t u t i n g  5 and 5 -' i n t o  equations (14) and (14a), we obtain,  respect ively,  

S u b s t i -  

I 
(16) ~ 

Equations (16) and (16a) show t h a t  t h e  i n i t i a l  c e l l  of t h e  group with argu- 

+T ment k i n  t h e  complex s [ /a i s  t h e  i n i t i a l  c e l l  of t h e  group with argument 
A 

- - ,  -T. i n  t h e  complex u , Y b .  
' I  I K A' e 

- equation (l5), f o r  t h e  argument -T 

i s  tne t o t a i  number or arguments of tine inequai i ty ,  an6 k i s  tile order riurriuer u.2 

It i s  not too  d i f f i c u l t  t o  compute i t s  number from 

has t h e  order number K - (k - 1) , where K 
k 

I 

-1 t h e  argument + T  (see sect ion 9 ) .  
k Thus, t h e  number of t h e  i n i t i a l  c e l l  i n  t h i s  

> i t  

!case i s  equa l  t o  
r i  
_ > -  1 - 
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For t h e  inequa l i t i e s  of t h e  coordinate z, we adopt t h e  following form of 

wr i t i ng  : 

' i  

' assuming t h a t  underneath t h e  f i r s t  summation s ign  7 t akes  on t h e  f i rs t  half  of 

t h e  values determined by equation (5) (it i s  r ead i ly  seen t h a t  f o r  z \E t h e  

number of d i f f e r e n t  T i s  always even), while underneath t h e  second summation 

s ign  T t akes  on t h e  second ha l f  o f  the values determined by equation (5).  

El 

I f  

we make use of equation (6), we can write 

and, i f a  en te r s  i n t o  t h e  cha rac t e r i s t i c  i n  an odd power, 

1 ,  i _1 

Comparison of these  two expressions with equations (14), (14a) and (16), 

(16a) shows t h a t  i n  t h e  case of t h e  coordinate z w e  m u s t  proceed i n  order t o  

k' compute t h e  i n i t i a l  c e l l  of t h e  group with  argument^ 

for t h e  coordinate u,  i.e., calculate  t h e  number of t h e  

t i o n  (15); for k > K/2, it i s  necessary t o  use equation 

I n  t h i s  case, of course, it i s  e s sen t i a l  t o  bear  i n  

~ - = ~ 1  ALA=LLus .: n-.rrl ---A rn.,"+ 
. I - L I Y " * Y b U  &UCIU" 5 e  chmged iIl t h e  secalc? 

, 

' 

' ,  
.. S .  

2-L- ^^^.C8D-. ^-. --& 
U L I G  

when k s K/2, t h e  same as 

i n i t i a l  c e l l  f r o m  equa- 

(17) f o r  t h e  coordinate 

mind t h a t  t h e  s ign  of 

C 9 9 e :  

t 5  I 

1 %  

I I r e l a t i o n  T 

Because i n  t h e  der iva t ion  of equations (18) and (18a), we made use of  t h e  

, which ex i s t s  between t h e  coe f f i c i en t s  of t h e  groups 
L, i l - - -  

_. 
'i, ,T k -i ,'k 

i - !  . 
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with argument +T and -T it is sufficient to store in memory only the coeffi- k k’ 
cients of the first half of all the groups of the complex of inequalities of the 

coordinate Z. 

’ initial cells of the first half of all the groups. 

Applying the rules cited above, we will always invoke the 

/655 7. TYPES OF SERIES MULTIPLICATION 

In multiplying the series by each other, we will distinguish f o u r  types of 

multiplication, depending on whether the terms in the cross-multiplied series 

are arranged in descending or ascending powers of 5 .  

Type 1 multiplication. - Both series are arranged in ascending powers of<. 

This type of multiplication occurs in the multiplication of groups of terms in 

Type 2 multiplication. - The first series is arranged in ascending powers 
of 6 ,  the second in descending powers, which occurs, f o r  example, when a group 

of terms in the coordinate u is multiplied by a group of terms in the coordinate 

S: 

Type 3 multiplication. - The first term is arranged in descending powers 
, . of 5 ,  the second in ascending powers. 
1 ,  ’ I 

coordinate s is multiplied by a group of terms in the coordinate u: 

This occurs when a group of terms in the 

( 1  
.L 

I .  i. 
i i j  , 

Type 4 multiplication. - Both series are arranged in descending powers of 
1 

5. This occurs in the multiplication of groups in the coordinate s: 
I i l .  

i 31 
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For the  sake of s impl ic i ty  i n  writing, we w i l l  cons is ten t ly  represent s e r i e s  

expanded i n  even powers of 5 .  
-2i+Tf(T. 

The coef f ic ien ts  of 5 
We note one f a c t  t h a t  w i l l  be used la ter  on: 

i n  t h e  product s e r i e s  i n  t h e  t h i r d  and fourth types 

2i+T+C. 
~ are e q u a l  t o  the  coef f ic ien ts  5 i n  t h e  product series i n  the  second and 

, f i rs t  types, respectively.  

1 If t h e  s e r i e s  i s  expanded i n  even powers o f ' ,  we say t h a t  it has a par i ty  

index equal t o  zero, otherwise it has a p a r i t y  index equal t o  one. The corres- 

ponding par i ty  index w i l l  be  represented by a superscr ipt  0 or 1 alongside t h e  

series symbol. Then, i n  multiplyingtwo groups of terns, we may encounter t h e  

following cases: 

where u and s denote t h e  groups of terms arranged i n  ascending or descending 

powers of 5 ,  respectively.  

For grea ter  ease of visual izat ion,  these products are presented below i n  

tabular  form. I n  the  t a b l e s ,  t h e  sum of' the  products i n  one column i s  equal t o  

t h e  product s e r i e s  coef f ic ien t  d .  a t  the top of the  column. 

T and (T a r e  not s ign i f icant  for our. purposes, they  are not wr i t ten  out,  and the  

Since the  indices  
1 

a r e  replaced by b .  , c.. 
J 

1 1  
coef f ic ien ts  Xi and 
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8. PRINCIPLE OF CONSTRUCTION OF THE GROUP MULTIPLICATION PROGRAM 

The computation of t h e  products c i t e d  i n  t h e  preceding sec t ion  can be ap-  

proached d i f fe ren t ly .  

products as t h e  sums of a l l  products standing i n  one column. 

c a r r y  out  t h i s  object ive can be based on spec i f ica t ion  of the  value of t h e  

indices  i and k f o r  t h e  f a c t o r s  standing i n  t h e  f i r s t  row of t h e  f i r s t  column, 

followed by address subs t i tu t ion  i n  i and i n  k and a t e s t  of t h e  conditions 

I i - k] G 4, I k I d 4. However, such a program i s  uneconomical from t h e  view- 

The objective may be t o  compute t h e  coef f ic ien ts  of the  

- The program t o  

' 

jpoint of  machine time, because t h e  computation of each product i s  preceded by a 

t - _. 

r 
35 
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large number of auxiliary operations, where a s izable  portion of the  address 

subs t i tu t ion  has t o  be car r ied  out as a durmny operation, no reading being made 

u n t i l  t h e  l o g i c a l  statements have been f u l f i l l e d .  F ina l ly ,  it m u s t  be pointed 

out t h a t  not a l l  of the  products i n  the columns need a c t u a l l y  be computed, since 

many of them are e q u a l  t o  zero within t h e  limits of permissible error. 

Another approach t o  the  problem consis ts  i n  preliminary r e j e c t i o n  i n  each 

column of those terms which a r e  obviously equal t o  zero. B u t  probably t h e  main 

advantage of t h i s  approach i s  not t h a t  it obviates the  computation of a c e r t a i n  

number of products, but  t h a t  it p e r m i t s  t h e  computations t o  be presented i n  a 

form more su i tab le  f o r  programming. 

f ind ing  which terms can be neglected. 

The most important problem i n  t h i s  case is(659 

If w e  assume t h a t  t h e  orders of b.  and 
1 

c r e l a t i v e  t o  m a r e  equal t o  2 i  

and I 2 i  - 1 I i n  t h e  case of s e r i e s  i n  odd powers, then i n  t h e  t a b l e s  of products 

- 

i n  t h e  cases of s e r i e s  i n  even powers of 6 
i I I  

- -~~ 

' t h e  nonunderscored terms have an order of a t ' least  t e n  (product i n  even powers 

' of 5 ) or nine (product i n  odd powers of 5 ) . For t h e  s a t e l l i t e s  V I ,  VIII, and X 

of J u p i t e r ,  m i s  near 0.07. 

of orders ,  t h e r e  can be no doubt t h a t  t h e  nonunderscored terms a r e  negl igibly 

small. I n  r e a l  s i tua t ions ,  the  orders of b .  and c can depart  from our assump- 
1 i 

t ions .  

and c i 

Consequently, i n  t h e  case of an i d e a l  d i s t r i b u t i o n  

Moreover, t h e  coef f ic ien ts  of t h e  lowest terms i n  t h e  expansions of b i 

i n  powers of m have a tendency t o  increase with increasing orders  of t h e  

' i n e q u a l i t i e s ,  so t h a t  t h e  product of bi and c can prove t o  be much la rger  than k 
wouid be expected on tke 'uasis of i t s  order. 

a r e  only  capable a t  b e s t  of giving an approximate idea as t o  the  magnitude of 

t h e  r e j e c t e d  terms. 

Therefore, t h e  f l g z r e ~ .  c F t . 4  ebcw 

% '  

On t h e  other  hand, it i s  a t  once apparent t h a t  t h e  unfavorable f a c t o r s  
i ,; 
-- '  a f f e c t i n g  t h e  magnitude of t h e  rejected terms begin t o  be noticeable only with 

I _ _ _  I _  
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increasing orders of the  inequal i t ies  being determined, whereas t h e  required 

accuracy of t h e  computations i n  t h i s  case i s  lowered, 

case t h e  two processes mus t  compensate one another up t o  a c e r t a i n  power. 

amination of some of t h e  most unfavorable cases reveals  t h a t  i n  keeping only the  

underscored terms we can be assured of t h e  accuracy required f o r  t h e  satel l i tes  

V I ,  VII, and X of J u p i t e r .  

purposes, a so-called mult ipl icat ion check block i s  included. 

Consequently, i n  t h i s  

Ex- 

I n  t h e  working program, mainly f o r  experimental 

I n  t h i s  block, 

t h e  sum of t h e  coef f ic ien ts  of t h e  product of a p a i r  of complexes i s  compared 

with t h e  product of the  sums of the  coeff ic ients  of t h e  fac tors .  If a t e r m  with 

a la rge  value i s  not taken i n t o  account, the  mult ipl icat ion check block shows 

t h i s  up almost without fa i l .  I n  any case, it may be noted t h a t  the  permissible 

e r r o r  can be reduced t o  zero by broadening t h e  limits of v a r i a t i o n  of t h e  

index i. 
- 

Let  u s  now see what propert ies  of t h e  product can be drawn upon i n  fomnu- 

l a t i n g  t h e  program f o r  mult ipl icat ion of the  groups of coef f ic ien ts .  

Considering t h e  expressions f o r  the  coef f ic ien ts  of t h e  product s e r i e s ,  or, 

more cor rec t ly ,  those parts which a re  summed from t h e  underscored terms, we note 

t h e  following: 

1. I n  going from one component of  each coef f ic ien t  t o  the  next, t h e  index 

of t h e  f a c t o r  b decrements once. 

crements once i n  type 1 multiplication, i n  type 2 it decrements once. 

The corresponding index of t h e  f a c t o r  c in-  

. 

- 
2. I n  going f r o m t h e  las t  component i n  t h e  preceding c o e f f i c i e n t  t o  t h e  

f i r s t  component i n  the  next coeff ic ient ,  the  index of t h e  f a c t o r  b increments 

f o u r  t i m e s .  

L I  type 1 mult ipl icat ion,  i n  type 2 it increments th ree  times. 

' *  

1 .  

The corresponding index of t h e  f a c t o r  c decrements th ree  times i n  

I 37 , 
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3. The number of components i n  the coef f ic ien ts  associated with consecu- 

t i v e  powers o f 5  a re  a l t e r n a t e l y  equal t o  four  or f ive.  

4. The parameter i f o r  t h e  product s e r i e s  var ies  within the  l i m i t s  

-4 + 6 6 i c + 4, where 6 i s  t h e  result of negating the equivalence of t h e  par -  

i t y  indices  of t h e  multiplied inequal i t ies .  

6. The index of t h e  f a c t o r  b i n  t h e  f i r s t  component of t h e  coef f ic ien t  

with t h e  l a r g e s t  negative index i s  always equal t o  zero. The corresponding 

index of  t h e  f a c t o r  c i n  t h e  type 1 i s  equal t o  -4 + E i n  type 1 mul t ip l ica t ion  

(see 5, above), i n  type 2 it i s  equal t o  4 - 7 ,  where y i s  equal t o  1 when t h e  

par i ty  index of t h e  f i rs t  f a c t o r  i s  equal t o  1 and t h e  par i ty  index of t h e  

second f a c t o r  i s  equal t o  0, and i s  equal t o  zero i n  a l l  other  cases. 

I n  t h e  expressions f o r  t h e  coef f ic ien ts  of t h e  product s e r i e s ,  we can pick 

out  groups of terms other  than those above. 

l e a s t  twent ie th  order (assuming t h a t  bi and c are of order m la!), t h e  coef f i -  

If we recognize a l l  terms of a t  

i 

c i e n t s  of t h e  product w i l l  be summed from f i v e  or six,  r a t h e r  than four  or 

f i v e ,  terms. The pa t te rn  of formation of the  coef f ic ien t  could have been de- 

scr ibed i n  terms of propert ies  analogous t o  those j u s t  c i ted.  

t h e  e r r o r  permitted i n  computing t h e  individual  coef f ic ien ts  would be even l e s s  

i n  t h i s  case. 

The magnitude of/660 

’ B u t  we w i l l  not consider t h i s  any fur ther .  

The methods indicated permit the formulation of a group mul t ip l ica t ion  
1 

program having only t h e  following a t  t h e  input:  1) the  number of i n i t i a l  c e l l s  

of g o u p s  to be  multiplied; 2) <ne p & r i - i y  iudLces of LL- - - - a  - 91 m** l+;n l  i - U l C  D C A L I C D ,  J /  U U L V l y L A -  
I ,  

- 
, c a t i o n  type code. 

I n  our problem, t h e  sequence of s e r i e s  mult ipl icat ion types i s  determined 
L q  

i ( ‘ l  

‘ I  

! 

by t h e  term of t h e  expansion of df l /ds  or dfl/dz subjected t o  par t i t ion ing  a t  

r - -  
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this stage. 

must first multiply a complex of  inequalities of the coordinate u by a complex 

of inequalities of the coordinate u (type 1 multiplication); then the product, 

which is always in ascending powers of 5 ,  must be multiplied by a complex of 

inequalities of the coordinate s (type 2 multiplication). It is apparent that 

the type of multiplication for all combinations of groups of a multiplied pair 

of complexes will remain the same (the case of the coordinate z will be con- 

sidered separately). 

Let this be, f o r  example, rL''r('b ' Whatever the partition, we 

If we agree to represent the types 1, 2, 3, and 4 multiplications by codes 

01, 10, 11, 00, then the code for the types of multiplications of three complexes 

wiii be 0110 in the imestigated example. In general, if the sequence of multi- 

plication types is coded, the first pair of digits is the multiplication type 

code -~ f o r  the first two complexes, the next pairs of digits give the multiplica- 

tion type codes f o r  the product of the preceding complexes by the next complex. 

In the expansions (12) and (Fj), we encounter partitioning into more than three 

factors. 

of multiplication types in individual terms, filling the remaining places with 

We agree, however, to allocate eight places to coding of the sequences 

zeros. 

The scale of multiplication types of the third row in this case has the 

form 

~ ~ - -  I -- Y 

6th term 
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Since one memory c e l l  of t h e  S t r e l a  computer has only 43 places,  t h e  logi-  

c a l  scale  takes  up two c e l l s .  I n  t h e  second c e l l ,  t h e  terms are not ordered 

from l e f t  t o  r i g h t ,  bu t  from r i g h t  t o  l e f t .  W e  note one f a c t  t h a t  w i l l  be cause 

for concern i n  carefu l  inspection of the scale:  The mult ipl icat ion type code i s  

wr i t ten  on t h e  assumptian t h a t  t h e  fac tors  i n  each term are mult ipl ied i n  order 

from r i g h t  t o  l e f t ,  r a t h e r  than l e f t  t o  r i g h t .  

i s  more convenient t o  work with the  fac tors  i n t o  which t h e  c h a r a c t e r i s t i c  i s  

par t i t ioned  i n  j u s t  t h e  opposite order, since t h e  order number of t h e  character-  

8 The reason f o r  t h i s  i s  t h a t  it 

i s t i c  of t h e  next f a c t o r  i s  always located i n  t h e  reference c e l l  < j >  (see see- 

t i o n  5) .  

The type of mult ipl icat ion of the next p a i r  of complexes i s  segregated 

from t h e  scale  by means of a scanner probe. I n  going over t o  mult ipl icat ions of 

t h e  next p a i r  of complexes, the  logical  scale  (f irst  c e l l )  i s  s h i f t e d  two places 

t o  t h e  l e f t .  
- -  

The scale  operations are described i n  f u r t h e r - d e t a i l  i n  sect ion 15. 

L e t  u s  now consider how t h e  p a r i t y  indices  and i n i t i a l  c e l l s  of t h e  m u l t i -  

p l ied  complexes can be established. 

A s  a l ready mentioned, t h e  machire memory s t o r e s  t h e  c h a r a c t e r i s t i c s  of t h e  

complexes of inequal i t ies .  Each of these c h a r a c t e r i s t i c s  A = eil-e’i2ki3$4 i s  

w r i t t e n  i n  memory i n  terms of the  power exponents of t h e  parameters appearing 

i n  t h e  charac te r i s t ic .  

The indices  i4, i2, il are wri t ten i n  t h e  f i rs t ,  second, and t h i r d  addres-/661 

ses of t h e  first c e l l ,  i i s  wr i t ten  in iiie fli-st ZdfirSSs of t h e  sezcz5 cell 

a l loca ted  f o r  t h e  given charac te r i s t ic .  I n  t h e  second address of t h i s  c e l l  i s  

written t h e  number of t h e  i n i t i a l  c e l l  of t h e  complex having t h e  given charac- 

t e r i s t i c .  

3 

I 

This p a i r  of c e l l s  may be represented schematically as follows: 

1 

. - i  
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The number of t h e  i n i t i a l  ceLls o f  t h e  complexes can be e a s i l y  computed 

' p r i o r  t o  t h e  starti of operation, since t h e  number of groups i n  each complex i s  

w e l l  known, and t o  each group i s  al located nine c e l l s .  

The c h a r a c t e r i s t i c s  a r e  arranged i n  memory i n  accordance with t h e i r  i n -  

creasing order,  beginning with zero order and ending with t h e  highest  order 

c h a r a c t e r i s t i c s  t o  be taken i n t o  account. 

If  the  parametera en ters  i n t o  the c h a r a c t e r i s t i c  of a complex i n  an even 

power (i4 even), a l l  groups of t h i s  complex w i l l  be i n  even powers of 5 . I n  

2 case i i s  odd, t h e  groups a r e  i n  odd powers of 5. I n  view of t h i s ,  t h e  p a r i t y  4 - 

indices  of t h e  complexes can be obtained by invoking t h e  las t  place of t h e  

binary representat ion of i4 i n  t h e  c h a r a c t e r i s t i c s  of these complexes. It i s  

obvious t h a t  t h i s  can be very simply done, provided t h e  order numbers of t h e  

c h a r a c t e r i s t i c s  are known. The par i ty  index of the  product i s  obtained as t h e  

r e s u l t  of negating t h e  equivalence of t h e  p a r i t y  indices  of the  fac tors .  

Knowing t h e  order numbers of the c h a r a c t e r i s t i c s  of t h e  mult ipl ied com- 

plexes, we can invoke t h e  numbers N 

The address of t h e  i n i t i a l  c e l l s  of the mult ipl ied groups can be calculated 

from one of t h e  combinations of equations (1.5) and (17), depending on the  type 

and N' of t h e  i n i t i a l  c e l l s  of t h e  fac tors .  
0 0 

L' 

~f EL!ltipli_cFttI.i nn. 

i 1  
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9. COMPUTATION OF TRE A_RGuMENTS OF TRE GROUPS 

I n  multiplying t h e  complexes of inequal i t ies ,  we run up against  t h e  need 

f o r  adduction of l i k e  terms. Let it be required, f o r  example, t o  m u l t i p l y  
u&-l u,c-1 i -.- 

a a 

The l i k e  terms i n  t h e  product are those with i d e n t i c a l  power exponents of 

< i n  t h e  second and t h i r d  groups, i n  the t h i r d  and f i f t h  groups. 

the  computer t o  be able t o  adduce l i k e  terms, it mus t  operate not only with t h e  

coef f ic ien ts ,  bu t  a l so  with the  arguments of t h e  groups. Like t h e  character is-  

t i c s  of t h e  complexes, it i s  impossible t o  s t o r e  t h e  arguments of t h e  groups i n  

I n  order for 

- 

memory due t o  t h e  large number of arguments. It i s  necessary, therefore ,  before 

multiplying each p a i r  of complexes, t o  compute t h e  arguments of t h e i r  groups 

anew. Equation (5) i s  extremely useful i n  t h i s  respect.  

To compute t h e  arguments of t h e  groups of  a complex, i t s  c h a r a c t e r i s t i c  is/662 

t r a n s f e r r e d  t o  t h e  input  c e l l s  of the block f o r  computation of the  arguments. 

The operat ional  flow diagram of t h i s  block can be represented i n  t h e  following 

:) 

_ '  I 

The operator A picks out the  indices il, i2, i and represents  them as 
1 3 i I  

~fft$egers. 



- - 
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02, 03, 04, 0 5 renew t h e  i n i t i a l  (zero) values of t h e  parameters indicated 

i n  t h e  parentheses. 

A makes a count according t o  the equation 6 

,c = (i, - 24) c + (iz - 2i;) m + (is - 2iJ g. 

increment t h e  values of t h e  indicated parameters once. F7' F9' Fll' F13 
T t r a n s m i t s ~  t o  the  c e l l  numbered po + k. 8 k 

P14 t e s t  f o r  the  end of t h e  cycles. plo' p12' 

It i s  r e a d i l y  seen t h a t  t h e  given computational scheme provides f o r  output 

i s  equal 
6 ,  

of t h e  arguments i n  the  order such t h a t  t h e  number of t h e  argument -T 

t o  K - (k - l), where K i s  t h e  number of all arguments, k i s  t h e  order  number o f  

~ 

k 

t h e  argmerit +rk. 

Thus, as a r e s u l t  of t h e  operation of t h e  block, i n  t h e  c e l l s  p + 1, Po + 2 ,  0 

..., p 4- K w i r l b e  obtained t h e  arguments of a l l  groups of a given complex and, 0 

i n  a c e r t a i n  c e l l  <K>, t h e  number of groups of t h e  complex. 

10. BLOCK FOR DETERMlNATION OF TRE INITIAL CELLS 

A s  a resu l t  of t h e  operation of t h e  p a r t i t i o n  block, t h e  c e l l s  <j>, <jc, 

<j2>,..., <jnWl> contain n numbers, which are the order nmbers  of t h e  charac- 

t e r i s t i c s  of those complexes which are t o  be multiplied.  

t h e  f i r s t  of these numbers i s  first picked out  and, from it, t h e  i n i t i a l  c e l l  

and par i ty  index of t h e  f i rs t  f a c t o r  are determined. It can happen i n  t h i s  case 

t h a t  t h e  coeff ic ients  of t h e  complex are wr i t ten  on tape  r a t h e r  than i n  i n t e r n a l  

memory. I n  t h i s  case, they  are t ransferred i n t o  a spec ia l  bank i n  t h e  opera- 

tim:31 x z ~ y .  

t h e  groups of t h e  complex and t h e i r  number, computed b y  t h e  'block f o r  determin- 

i n g  t h e  arguments. The same quant i t ies  a r e  then determined f o r  t h e  second 

I n  t h e  present block, 

' _  . 

Izte tk r e f e r e n ~ e  ~ 1 1 ~  A r e  a lso t ransfer red  t h e  arguments of 

'- ' 
i --"I - .. . . 43 ' 
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fac tor .  Since t h e  operat ional  memory s tores  t h e  coef f ic ien ts  of t h e  i n e q u a l i t i e s  

of zero, f i rs t ,  and second order and some of the  third-order  inequal i t ies ,  t h e  

coeff ic ients  of no more than one fac tor  need be t ransfer red  from tape. 

t h i s  same block i s  performed a computation of t h e  quant i t ies  E and 6 (see 

sect ion 8) ,  a f t e r  which control  i s  t ransferred t o  t h e  block f o r  determining t h e  

addresses of t h e  products. A f t e r  mult ipl icat ion of t h e  first p a i r  of com- 

Also, i n  

plexes, control  i s  again t ransfer red  t o  t h e  block f o r  determination of t h e  

i n i t i a l  c e l l s ,  which c a l l s  i n t o  operation t h e  t h i r d  f a c t o r  with c h a r a c t e r i s t i c  

number j , a l l  t h e  quant i t ies  f o r  t h i s  f a c t o r  p a i r  up with t h e  corresponding 

q u a n t i t i e s  obtained f o r  generation of t h e  preceding fac tors ,  and so on u n t i l  

' 

2 

a l l  jk a r e  exhausted. 

The l o g i c a l  diagram for t h i s  block can be wr i t ten  i n  t h e  form 

The operator T t ransmits  an ins t ruc t ion  as t o  by-passing of t h e  operator /663 
1 

T 

t h e  shortening of machine t i m e .  

i n  repeated use of one p a r t i t i o n  o f  t h e  charac te r i s t ic .  It i s  e s s e n t i a l  f o r  9 

- N  

0 

I of t h e  fac tor .  

0 

renews t h e  i n i t i a l  value of the parameter j ( j  E: 0). J i s  t h e  number 2 

I 

2 renews t h e  l o g i c a l  scale  by t ransmit t ing t h e  contents of t h e  c e l l  g 3 
(see sec t ion  15) t o  t h e  c e l l  of t h e  log ica l  scale  G. 

A, s e l e c t s  from t h e  block of charac te r i s t ics  t h e  c h a r a c t e r i s t i c  of t h e  next 
J 

f a c t o r .  
' , ,-+ 
r i '  , E re turns  t o  t h e  subroutine, the block for computation of the  arguments. 

, i e  
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P t e s t s  f o r  fu l f i l lment  of the  condition N > 4000, which i s  t r u e  i f  the  7 0 

coef f ic ien ts  of t h e  complex a r e  wri t ten on tape. 

E 

T 

c a l l s  f o r  bypass of t h e  operator T 

t ransmits  t h e  zone of t h e  magnetic tape with number N 9 0 

or r e t u r n  t o  it (see T ) . 
8 9 1 

t o  t h e  reference 

bank of t h e  operat ional  memory. 

Tll t ransmits  t o  t h e  c e l l  R ,  i n  which i s  formed one of t h e  commands of the  

. mult ip l ica t ion  block, having t h e  form 

(c f .  Ip15 of t h e  block f o r  analysis  of t h e  mult ipl icat ion types) ,  as t h e  f i rs t  

address t h e  number of t h e  i n i t i a l  c e l l  of t h e  reference bar&, 30 vhich a r e  

t ransmit ted from t a p e  t h e  coef f ic ien ts  of t h e  complexes of inequal i t ies .  

executes t h e  same operation, b u t  with respect  t o  t h e  second address. 
T12 

t ransmits  t o  t h e  f i r s t  address of the  c e l l  R t h e  number of the  i n i t i a l  T14 
c e l l  of t h e  f i rs t  complex t o  be multiplied. 

T16 t ransmits  t o  t h e  second address of t h e  c e l l  R t h e  number of  t h e  i n i t i a l  

c e l l  of t h e  second complex t o  be multiplied. 

T and T 

A 

segregate t h e  p a r i t y  indices  of t h e  mult ipl ied complexes. 
1 5  17 

18 computes E and 6 f o r  t h e  ser ies  t o  be multiplied and c e r t a i n  other  

auxiliary quant i t ies .  

11, SLnrrrC FOR DETERMINATION OF TRE PRODUCT ADDRESSES 

I n  multiplying the  complexes, we w i l l  adhere t o  t h e  following order of 

”- - = - -  --.--l---- -M- P i  nc+ m ! ~ 1  +i nl i p a  hy t he  operation: a l l  groups i n  t h e  or6er d UCLL l l u u = A D  l----r--. 

f i r s t  group of the  second complex, then i n  t h e  same order they  are multiplied 

, ; by t h e  second group of t h e  second complex, e tc .  
. - 

i 

c ~. 
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W e  send t h e  products of a l l  t h e  complexes t o  t h e  portion of memory intended 

f o r  t h i s  purpose, t h e  product bank. For t h e  coef f ic ien ts  of a product of two 

groups of terms, t e n  c e l l s  of t h i s  bank are al located.  

J s e t  as ide f o r  wri t ing i n  t h e  argument of t h e  product. 

Furthermore, one c e l l  i s  

The product bank m u s t  be 

as many groups i n  each of t h e  t e n  c e l l s  as t h e r e  a r e  d i f f e r e n t  possible argu- 

ments T of t h e  product of complexes. This can be represented schematically as 

' follows: 

i 1 I I I -v- I I I I 1 d I 1  1 1  i --v- 1 I i I rTI1111[11!1 / . I  I I I I I 
- 0th group 1st group (K- 1) th group 

The numbers of t h e  groups t o  which t h e  products of each p a i r  of groups of/664 

complexes t o  be multiplied a re  t o  be t ransmit ted are computed i n  the  block f o r  

determining the  addresses of t h e  products. I n  t h i s  block are systematical ly  

formed SUMS of the  arguments of t h e  groups: 

71 -1- G I ,  7 2  4- G , ,  T3 4- GI, . . .; 7, t 0 2 ,  5q 0 2 ,  . . 

A r t e r  formation of t h e  next sum, it i s  compared with t h e  contents of t h e  

c e l l s  a + 1, a + 2,... of t h e  product bank ( a l l  c e l l s  of t h e  bank are cleared 

p r i o r  t o  computation of the  product o f  each p a i r  of  complexes). 

whenTn +cr tu rns  out  t o  be equal t o  t h e  contents of one of t h e  c e l l s  a + 1 +  p, 

t h e  pmdfict. nP t he  group with number n by t h e  group with number L i s  transmitted 

t o  t h e  group of c e l l s  of t h e  bank with number p ( the  coef f ic ien t  of t h e  product 

d .  i s  t ransmit ted t o  t h e  c e l l  wiyn nmber a i. 2 i 9p + 5 +- I). 
1 n~ 

not equal t o  t h e  contents of e i t h e r  of t h e  occupied c e l l s  a + 1, a I- 2,.. ., 

I n  t h e  case 

! 
1 

I S  T + .r is 
J 

1- I 

b then  T + crl i s  t ransmit ted t o  t h e  f i r s t  empty c e l l  a + I +  r and t h e  product 
I n 

, I  . . ---- 
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i s  sent  t o  t h e  group of t h e  bank with number r. Since t h e  program i s  constructed 

such t h a t  t h e  product coef f ic ien ts  sent t o  t h e  c e l l s  of t h e  product bank are 

summed with t h e  contents e x i s t i n g  therein,  t h e  process described here provides 

f o r  t h e  adduction of l i k e  terms. 

and 0 renew t h e  i n i t i a l  values of t h e  parameters q 
1' O2' 3 The operators 0 

( 9  = o) ,  1 ( 1  = -l), and n ( n  = -1); q i s  in te rpre ted  as t h e  number of occupied 

groups of t h e  product bank. 

A forms t h e  sum T~ + r = 7. 

T14 t ransmits  T + T 

8 n 

t o  t h e  c e l l  a + 1 + p.  

generates f o r  t h e  mult ipl icat ion block t h e  command t o  t r a n s f e r  the  

1 -n 

@15 
product t o  c e l l s  of t h e  group with number p. 

12. BLOCK FOR ANALYSIS OF T€IE TYPE O F  GROUP MULTIPLICATION 

A f t e r  operation of t h e  block f o r  determining t h e  addresses of t h e  products, 

cont ro l  i s  acquired by t h e  block f o r  analysis  of t h e  type of group multiplica- 

t i o n .  P a r t  of t h e  funct ion of t h e  block i s  t o  form a series of commands f o r  t h e  

mul t ip l ica t ion  block, depending on the type of s e r i e s  mult ipl icat ion.  These 

commands cannot be generated once and f o r  a l l  f o r  a l l  combinations of groups 

of a mult ipl ied p a i r  of complexes, since t h e  type of mult ipl icat ion can change 

as t h e  numbers of t h e  groups var ies ,  even if only one of t h e  mult ipl ied complexes 

i s  a complex of i n e q u a l i t i e s  i n  t h e  coordinate z .  I n  f a c t ,  t h e  form of equa- 

9 .  I .  o\ 
LIUUS \LUI alii (1%) ffii- ~ G Z F ~ S X ~ S  S? ~ ~ ~ q n ~ l i t i e ~  i~ t h e  c ~ ? ~ r f i i ~ n + e  '7 S ~ ~ W S  

t h a t  i n  t h e  f i rs t  half  of a l l  t h e  groups, t h e  s e r i e s  are i n  ascending powers 

of 5 ,  while i n  t h e  second half  of the groups t h e  series are i n  descending 
1 

% .  i 47 



* powers of 6 .  

scale is the first type, corresponding to multiplication of two series in ascend- 

ing powers of [ (for example, z fl* u (-'), then all the pairs of groups for 

which n < N/2 must be multiplied in correspondence with the first type of multi- 

plication, and all pairs of groups for which n 2 N/2 must be multiplied in 

Consequently, if the type of multiplication determined from the 

P h 

correspondence with the third type of multiplication (multiplication of a 

series in descending powers by a series in ascending powers of 5 ) . 
A more complete analysis in this type of multiplication must be carried out 

with allowance for the fact that the second factor can be a complex of inequal- 

ities in the coordinate z ?  

of groups depends, first of all, on the type of multiplication of the complexes 

as specified by the logical scale, secondly, on the affiliation of these groups 

with complexes of inequalities of the coordinate z, and thirdly, on the order 1 6 6 5  

Thus, the type of multiplication of individual pairs 

numbers of the groups. 

according to the following scheme: 

An analysis of the possible situations can be made 

- -  , . .  > 

. . .- 
I . :  ~ -- i 

8 .  

. .  

8 
- ! I  : 
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The operators P and P 1 2 determine t h e  type of mult ipl icat ion specif ied by 

the  l o g i c a l  scale  and, i n  correspondence with it, t r a n s f e r  control  t o  t h e  var i -  

ous groups of operators. 

expansion of dR/& and d a / d z  can be arranged i n  an order such t h a t  type 3 m u l t i -  

p l i c a t i o n  i s  avoided. 

It i s  readi ly  seen t h a t  t h e  f a c t o r s  i n  the  terms of 

For t h i s  reason, t h e  diagram does not t r a n s f e r  control  

from P and P 1 2 t o  t h e  group of operators cont ro l l ing  type 3 mult ipl icat ion.  

The group of operators designated from type 1 mult ipl icat ion analyzes a l l  

possible cases which can occur i n  t h i s  type of mult ipl icat ion.  The same appl ies  

t o  t h e  group of operators designated for type 2 mult ipl icat ion.  Types 3 and 4 

a r e  not i n  need of such an analysis ,  because these mult ipl icat ton types do not 

occur f o r  complexes of i n e q u a l i t i e s  i n  t h e  coordinate Z. It i s  found as a re- 

s u l t  of analysis  t h a t  t h e  given p a i r  o f  groups should be multiplied i n  accord- 

ance with some other  type of multiplication, the  operators E 

t r a n s f e r  control  t o  the  group of operators f o r  t h e  corresponding type, which 

generate commands f o r  the  mult ipl icat ion block. 

type of mult ipl icat ion a re  Q14 and@ 

t h i r d  t y p e 0  

i e n t s  of <-2i i n  types 3 and 4 mult ipl icat ion a r e  respect ively equal t o  t h e  

c o e f f i c i e n t s  of 5 2i i n  types 2 and 1 mult ipl icat ion,  @24 and Q26 only execute 

a p a r t  of t h e  necessary operations, a l l  t h e  r e s t  being car r ied  out  b y  t h e  

and@ t o  which control i s  t ransferred.  operators  Q22 

7’ E9’ E13’ E20 

These operators i n  t h e  f i rs t  

i n  t h e  second t y p e Q  and @22, i n  the  

Since, as mentioned, t h e  coeff ic-  
15’ 21 

and i n  the  fourth type c€)26. 
24’ 

15’ 
P and P t e s t  fu l f i l lment  of t h e  rollowing conuition: The parameter k 3 17 

e n t e r s  i n t o  t h e  c h a r a c t e r i s t i c  of the f i r s t  f a c t o r  i n  an odd power ( i n  t h i s  case, 

t h e  f i r s t  complex i s  a complex of inequal i t ies  i n  t h e  coordinate z) .  P and Plo 

t e s t  t h e  second f a c t o r  i n  the  same manner. 

5 

1 ;  

I 

r -  
t _x 
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Q14 ca lcu la tes  t h e  number of t h e  i n i t i a l  c e l l s  of t h e  groups t o  be m u l t i -  

p l ied,  on t h e  b a s i s  of equation (15) : 

N=N,+gn M I\P=N:+-91, I 

-- - 

t h e  quant i t ies  appearing i n  the  f i rs t  and second addresses of  t h e  c e l l  R being 

used f o r  N and N ’ ( c f .  TL1 i n  the  block f o r  determining t h e  i n i t i a l  c e l l s ) .  

Inasmuch as n and L a r e  counted from zero, n - 1 and L - 1 are replaced i n  equa- 

t i o n  (15) by n and L 

s u b s t i t u t i o n  constants,  i n  such a predetermined manner t h a t  t h e  product coef- 

f i c i e n t s  di w i l l  be t ransmit ted with increasing index i i n t o  group c e l l s  of t h e  

product bank i n  order of increasing c e l l  number. 

0 0 

Moreover, Ql4 transmits t o  t h e  reference c e l l s  t h e  address 

Q15, consis tent  with t h e  property 6 of t h e  product s e r i e s  coef f ic ien ts ,  

forms t h e  quant i ty  N ’ + 9 L - 4 + E i n  t h e  second address of  t h e  c e l l  R;  t h a t  

quant i ty  i s  equal t o  t h e  address of the second f a c t o r  i n  t h e  expression b 

with t h e  i n i t i a l  values of t h e  indices i and k ( the address of the  f i r s t  f a c t o r  

i s  equal t o  N + 9n). Besides t h i s , @  transmits  t h e  address subs t i tu t ion  

constants i n  correspondence with properties 1 and 2. 

0 

/666 i-k‘k 

0 15  

The corresponding operators f o r  t h e  o ther  types o f  mult ipl icat ion execute 

an analogous function. Q24 and@26 transmit t h e  address subs t i tu t ion  constants 

i n  such fashion t h a t  t h e  coef f ic ien ts  d are t ransmit ted with increasing i i n t o  i 

group c e l l s  of t h e  product block i n  order of diminishing c e l l  number, beginning 

with t h e  highest  numbered c e l l .  I n  t h i s  way, t h e  t h i r d  and fourth types of 

mul t ip l ica t ion  a r e  reduced, on the  basis  of t h e  remarks made on page 31, t o  t h e  

second and f i rs t  types of multiplication, respectively.  The operators a8, 012, 

a n d @  generate t h e  command t o  change s ign of t h e  product b i-kck o r  b 

s ince i n  these cases one of t h e  fac tors  i s  taken from memory with t h e  opposite 

s ign  (see sect ion 6). 

c 
19 i-k -k’ 

50 I - - -  
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13. MULTIPLICATION BLOCK; MULTIPLICATION CHECK BLOCK 

The logical diagram of the multiplication block can be written as follows 

(operators Al - E9) : 

The operator A 1 executes multiplication of b i-kck (Or bi-kc-k)' 
A either leaves the product unaltered or changes the sign (cf. ($83 G12, 

2 

of the preceding block). @19 
A sums the result of the preceding operations with the contents of the 

3 
cell a + IC + gp + 5 ? (possibly also e + K + 9p + 6- i) . 

F performs an address substitution in k in correspondence with property 1 4 
of the product series coefficients. 

P checks the transfer to computation of the next coefficient in fulfillment 5 
of the following condition: The number of components in the coefficient is 

greater than 2, where the initial value of 'i; is computed in accordance with 

property 5. 

Q6 forms the new value of 

F 

P8 checks fulfillment of the condition i 2 5. 

E, transfers control to the operator F6 of the block for determining the 

in correspondence with property 3. 

3' performs an address substitution in i of the operators A and A 
7 1 

7 

- I  product addresses. 

AZier 611 E G G ~  L heye b3ez e u h ~ n s t 4  in the block for determining the 

product addresses, meaning that multiplication of the pair of complexes has been 

completed, control is transferred to the multiplication check block (Plo and 
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Zll of t h e  preceding diagram). 

element of t h e  program. 

of t h e  product of a p a i r  of complexes and compares them with t h e  product of the  

cont ro l  sums of t h e  f a c t o r s  ( the control sum i s  t h e  sum of a l l  coef f ic ien ts  of 

a complex of inequal i t ies ;  the  control  sum i s  stored i n  memory along with the  

The mult ipl icat ion check block i s  not a f ixed 

A s  already s ta ted,  t h e  operator P sums a l l  coef f ic ien ts  10 

' c o e f f i c i e n t s  of t h e  complex). I n  t h e  event t h a t  these q u a n t i t i e s  do not coin- 

cide,  t h e  operator Z executes a stop. 11 

P checks t h e  need f o r  re turning t o  t h e  block f o r  determination of t h e  1 
i n i t i a l  c e l l s  if t h e  number of f a c t o r s  i s  insuf f ic ien t .  I n  t h i s  case, t h e  

operator  T 

loca t ion  i n  memory; it transmits t o  the f i rs t  address of t h e  c e l l  R (cf .  T 

t h e  block f o r  determination of i n i t i a l  c e l l s )  as N 

c e l l  of t h e  bank t o  which t h e  product series i s  transmitted; it transmits  t o  

t r a n s f e r s  the  product se r ies  f r o m t h e  product bank t o  a special  

11 

1.3 
of 

the  number of t h e  i n i t i a l  
0 

t h e  reference c e l l s  t h e  p a r i t y  index and number of arguments o f  the  product; 

it s h i f t s  t h e  contents of t h e  c e l l  G o f  t h e  mult ipl icat ion type scale  two places 
) ( I  , _.l,  

3 : to  t h e  left. Since the  product i s  always i n  ascending powers of 6, t h e  quant i ty>  I 

?2 I 

' 3  3 17. I _  

2 <  i 

of t h e  mult ipl icat ion type analysis  block t o  function properly). 

i s  set equal t o  zero ( t h i s  i s  necesshry i n  order for t h e  operators P and P 

I f  a l l  t h e  necessary complexes have been multiplied,  control  i s  t ransfer red  /667 

t o  t h e  next block (below). 

14. BLOCK FOR MULTIPLICATION BY K 5 P af* 

, 
This  block executes on the  product s e r i e s  a i l  Yiie i.est of t h e  oper~t i ,sne 

s t i p u l a t e d  by t h e  form of t h e  term i n  t h e  expansion of afl/as or d f l / a z ,  includ- 

i n g  mul t ip l ica t ion  by t h e  coeff ic ient  K,  mult ipl icat ion by 5 p, and mult ipl icat ion 
' 

by one of t h e  s e r i e s  g:, b;, g;, . . . 
c h a r a c t e r i s t i c  A generated by t h e  term 

i .  

L e t ,  f o r  example, t h e  products with 
' I  ' ~ f & ~ ~ 4 u 3 1  of t h e  expansion of sfl/as 

r - ----  
I 
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_ -  
be computed. Then, having executed multiplication of the complexes $+[ s ~ c  

for the next partition of the characteristic A, = p u ,  the product must be multi- 

-.- 
a a ’# 

plied by 15 5 -3&*9 where g* denotes either 1, or (5Cm- 5 -m),  or 
3 3 

- -4- .-.’*..) 
C .  , depending on what power of e’ the initial characteristic In1 

X/a fo r  t he  second row is divided by in a given cycle of computations. 

For a graphic illustration of how the block functions, we examine the 

ordering of the coefficients of the expansions in machine memory. The coeffic- 

ients of the expansions of aCR/ds and afl/az are written row by row in successive 

cells of the memory. 

arranged in tabular form: 

The coefficients of the expansions a 2 ,  b2, E 3 , * . .  can be 

I - -  
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- 
I n  t h i s  tab le ,  a 2' be, a3,.** a r e  numbered i n  t h e  order  i n  which they  are /668 

encountered i n  t h e  terms of t h e  expansion of acR/ds. For a l l  coef f ic ien ts ,  t h e  

r e l a t i v e  numbers (i.e.,  t h e  numbers counted from some a r b i t r a r y  or igin)  of t h e  

c e l l s  i n  which they are stored a r e  indicated. A t  t h e  top  of each column i s  t h e  

power of 6 ,  which i s  multiplied by each coef f ic ien t  of t h a t  column. The hori-  

z o n t a l b r a c e s  j o i n  t h e  columns i n  which one row contains coef f ic ien ts  of t h e  

terms of t h e  expansions of 6 2, be, a3'"' having t h e  indicated power of e '  as a 

fac tor .  

- 

An analogous table can be drawn up f o r  t h e  expansion of aO/az. 

Each of t h e  quant i t ies  a w i l l  be completely defined i f  we can ind ica te  
* 
f 

t h e  number of the  c e l l  i n  which the  coeff ic ient  of i t s  f i r s t  term i s  stored, t h e  

value of t h e  exponent of 5 i n  t h i s  term, and t h e  number of a l l  terms. A l l  of 

these  quant i t ies  can be e a s i l y  computed i f  t h e  number f of t h e  term of t h e  ex- 

pansion of af2/as o r a n / a z  on which the computation i s  based a t  the  given i n s t a n t  

i s  known, along with t h e  power exponent h of e' by which t h e  i n i t i a l  character-  

i s t i c  f o r  t h e  working row i s  divided i n  a given cycle of computations. 

r e a d i l y  visual ized i n  t h e  t a b l e ,  t h e  f i r s t  coef f ic ien t  a 

number 

Then, as 
* 

w i l l  have t h e  r e l a t i v e  f 

t h e  exponent of 5 i n  t h i s  term i s  equal t o  mh and the  number of terms i s  equal 

t o  h + 1. 

f i c i e n t  i s  increased 12 uni t s ,  t h e  power exponent of 5 i s  deminished by 2m, e tc .  

I n  going from - h e  flrs-b %CY- t:, the secnnr7; t.he address of t h e  coef- 

To wri te  the  right-hand members of t h e  fundamental equations ( 7 )  an6 (c),  & 

bank of c e l l s  i s  al located,  as can be schematically represented i n  t h e  following 

l ,form: 
1 - .  
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The arguments of the  groups of the sought-after complex of inequal i t ies ,  

..., a r e  transmitted t o  the  c e l l s  b + 1, b + 2 p r i o r  t o  t h e  s tar t  of T 5.' 2' 

computation of t h e  right-hand member. 

A t  t h e  i n s t a n t  control  i s  t ransfer red  t o  t h e  block f o r  mult ipl icat ion by 

K( P *  a f ,  t h e  r e su l t  of mult ipl icat ion o f  t h e  complexes of i n e q u a l i t i e s  i s  located 

i n  c e l l s  of t h e  product bank. 

bank m u s t  be f i rs t  multiplied b y  t h e  f i r s t  term of a f, then by t h e  second, 

t h i r d ,  and so on, u n t i l  a l l  terms are  exhausted. 

a d e f i n i t e  term of a m u s t  be multiplied by K( 

t h e  bank of c e l l s  f o r  t h e  right-hand member whose argument coincides with the  

Subsecpently, a l l  occupied groups of t h e  product 
* 

The product of each group by 

F * 
and sent  t o  t h e  same groups of f 

product argument ( i n  ac tua l i ty ,  t h e  modulus of t h e  difference i n  arguments i s  

evaluated, which must  be l e s s  than or  equal t o  some maximum admissible compu- 

t a t i o n a l  e r r o r ) .  Of course, t h e  newly transmitted terms m u s t  be summed with t h e  

already e x i s t i n g  contents of t h e  c e l l s  i n  t h e  bank f o r  t h e  right-hand member 

( t h e  bank i s  cleared before s t a r t i n g  computation of t h e  right-hand member). 

This process of adduction of l i k e  terms follows t h e  same plan as i n  t h e  address 

determination block. L e t  it be required, f o r  example, t o  multiply by 

I ,is - 
-. 8-~-"(5i"'--c-7"). F i r s t  of a l l ,  t h e  first of t h e  product s e r i e s  arguments found 

i n  t h e  c e l l  a + 1 or  t h e  pro6uc-i; 'u&& Is siiizs6 ;;-ltB %,e ~ r g m e n t .  m nf the f i r s t  

term of E* 

arguments i n  t h e  right-hand member bank, b + 1, b + 2,... 

The sum i s  then compared with t h e  contents of the  c e l l s  f o r  t h e  
3' 

, -  

, We assume t h a t  a /669 
1 '  

I 
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match has occurred i n  t h e  pth s tep ( p  counted from zero).  

ca t ion  by - 3 55-3, t h e  f i rs t  g roup  of t h e  product bank i s  t ransmit ted t o  

c e l l s  of t h e  group with number p of the right-hand member bank. 

Then after m u l t i p l i -  

This t r a n s f e r ,  

however, i s  not allowed t o  go such t h a t  t h e  contents of the  c e l l  with r e l a t i v e  

number i of t h e  f i r s t  group w i l l  f a l l  i n t o  a c e l l  with t h e  same r e l a t i v e  number 

of t h e  second group; since t h e  s e r i e s  i s  mult ipl ied byCm3, t h i s  t r a n s f e r  m u s t  

be accompanied by a c e r t a i n  s h i f t .  

with groups whose arguments a re  located i n  t h e  c e l l s  a 4- 2, a + 3, ... 
exhausting a l l  groups, a t r a n s f e r  i s  executed t o  t h e  term -C-m of t h e  expansion 
-* 
a 

Then t h i s  cycle of computations i s  repeated 

After 

f o r  r e p e t i t i o n  with it of t h e  next broader cycle. 3 
W e  w i l l  now deduce a formula f o r  t h e  magnitude of t h e  s h i f t .  

It i s  r e a d i l y  seen t h a t  mult ipl icat ion of a s e r i e s  i n  powers of 6 b y 6  2 

mus t  be accompanied by a t r a n s f e r  of the  coef f ic ien t  X 

numbered one u n i t  higher than the  number of t h e  c e l l  i n  which h 

of 6 2i t o  t h e  c e l l  i 

i s  stored, be- i 

cause now A. becomes t h e  coef f ic ien t  o f [  2(i+1). Similarly,  i n  multiplying t h e  

series by6 -2, t h e  coef f ic ien ts  of the s e r i e s  are s h i f t e d  one c e l l  t o  t h e  le f t .  

1 

However, t h e  magnitude of t h e  s h i f t  depends not only on the  power of 6 ,  by which 

t h e  s e r i e s  i s  multiplied,  but  a l so  on t h e  m u t u a l  re la t ionship  of t h e  par i ty  in-  

d ices  of  t h e  product s e r i e s  and the  computed right-hand member or, equivalently,  

t h e  p a r i t y  index of the  complex of inequal i t ies  whose coef f ic ien t  a r e  being 

1 1  determined. The following four  cases a r e  possible:  

1) P a r i t y  index of the  product equal t o  0, p a r i t y  index of t h e  right-hand 

member equal t o  0. 

Ph*L --,f ^ ^  _-^ 2, --.-- -------- -.Q Y T, -.-1 J-2 -1 2 --A2 -- - L l  Ll.. - 3 - -L 
UVULA DGALCD cuc ILL cvcu ~ U W C A D  VL 5 .  LU u u L u L p i L L a u i u i i  UL ULC ~ L U U U C ~  

>' s e r i e s  by [', t h e  s h i f t  i s  e q u a l  t o  p / 2 .  



2) P a r i t y  index of the  product equal t o  1, pari ty  index of the  right-hand 

member equal t o  0. 

Mult ipl icat ion of t h e  product se r ies  by 5 P can be represented as m u l t i p l i -  

cat ion by 6 '-I* 6 B u t  mult ipl icat ion of t h e  product series by 6 reduces t o  

transformation of t h i s  s e r i e s  from a ser ies  i n  odd powers of 6 t o  a s e r i e s  i n  

even powers, which i s  what it should be by t h e  f a c t  t h a t  t h e  parity index of 

t h e  right-hand member i s  zero. The magnitude of t h e  s h i f t  i s  equal t o  +(/3 - 1) 

3) Pari ty  index of t h e  product equal t o  0, p a r i t y  index of t h e  right-hand 

member equal t o  1. 

Mult ipl icat ion of t h e  product se r ies  b y <  P can be represented as mult ipl ica-  

t i o n  by <fil*[-l. Mult ipl icat ion by[ 

duct t o  a s e r i e s  i n  odd powers of <.  
reduces t o  transformation of t h e  pro- 

The s h i f t  of t h e  product series i s  equal 

t o  +(P + 1). 

4) P a r i t y  index of t h e  product equal t o  1, pari ty  index of t h e  right-hand 

member e q u a l  t o  1. 

Both s e r i e s  are i n  odd powers of 6 In mult ipl icat ion by cp, t h e  s h i f t  i s  

equal t o  P / 2 .  

, All possible cases are covered by t h e  following formula: 

p+ pari ty  index of right-hand member - p a r i t y  index of product 
S h i f t  c 

2 

The expansions (12) and (1.3) show t h a t  f o r  those rows f o r  which ,6 i s  even, 

t h e  difference i n  par i ty  indices  i s  e q u a l  t o  0, f o r  those rows f o r  which ,8 i s  

odd, t h e  difference i s  e q u a l  t o  +1. Consequently, the  magnitude of t h e  s h i f t  i s  

" 
It i s  r e a d i l y  calculated t h a t  the l a r g e s t  possible s h i f t  f o r  t h e  expansions 

(12) and (13) i s  equal t o  2. When t h e  s h i f t  i s  made, one or two of t h e  

1 :  
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- coef f ic ien ts  w i l l  run over t h e  nine c e l l s  a l l o t t e d  f o r  t h e  coef f ic ien ts  of one 

group of terms. So t h a t  these coef f ic ien ts  w i l l  not ge t  i n t o  t h e  c e l l s  of 

neighboring groups, each group of t h e  right-hand member bank i s  s e t  off  from 

t h e  o ther  by two c e l l s .  

from then  on. 

The terms which run out  of t h e  group are  disregarded /670 

This i s  f u l l y  j u s t i f i e d  by the  considerations of sect ion 6. Over 

and beyond t h e  arguments therein,  we point out  t h a t  a l l  t h e  terms of t h e  r i g h t -  

hand member t h a t  are generated byacR/ds or acR/az are mult ipl ied by t h e  small 

f a c t o r  m . 2 Moreover, t h e  maximum s h i f t  of two c e l l s  occurs i n  determining t h e  

c o e f f i c i e n t s  of inequal i t ies  whose charac te r i s t ics  include t h e  very small 

q u a n t i t y a  . 2 

The l o g i c a l  diagram of t h e  block f o r  mult ipl icat ion by K ma* has t h e  form f 

The operator A computes t h e  magnitude of t h e  s h i f t .  1 

0 renews t h e  i n i t i a l  values of t h e  parameters t (t = 0) ,  
O 2 9  O4' 5 

A computes t h e  product of the  coeff ic ient  of the  expansion of o q o s  with 3 * 
f number f by t h e  coef f ic ien t  of t h e  expansion of a 

r e l a t i v e  number equal t o  I t 1 2  t + 2 k Ti; 

argument of t h e  corresponding term i n  t h e  expansion of a 

located i n  the  c e l l  with 
k h  

; it computes t h e  value of t h e  ( k=1 

* 
t' equal t o  m(h - 2t)-S f '  

A forms t h e  sum of t h e  argument St and t h e  argument of t h e  group i n  t h e  6 
pro6-uct btznii WLGL uuji&ei- i . 

P tes ts  fu l f i l lment  of t h e  following condition: The sum of t h e  arguments 

as formed by t h e  operator A6 i s  not  equal an argument from t h e  c e l l  with number 

b + 14- p of t h e  right-hand member c e l l  bank. 

7 

- 
8 .  



P tes ts  9 
groups of t h e  

i s  f u l f i l l e d ,  

I 

t h e  following condition: 

complex of i n e q u a l i t i e s  being determined. 

t h e  operator Z 

p > P, where P i s  t h e  number of a l l  

I n  case t h e  condition 

executes a stop, since f u l f i l l m e n t  of t h e  condi- 10 
t i o n  means a h a l t  i n  computer operation. 

performs mult ipl icat ion of terms of t h e  group i n  t h e  product bank with *11 
I number L by t h e  coef f ic ien t  T 

member bank with number p, simultaneously executing a s h i f t  by t h e  required 

and transmits them t o  t h e  group of t h e  right-hand t 

number of c e l l s .  

P,, t e s t s  t h e  condition L 3 q, where q i s  t h e  number of occupied groups i n  
LJ 

t h e  product bank. 

E16 can t r a n s f e r  control  t o  one o f  t h e  executive blocks, depending 

t h i s  operator i s  formed by the  executive block. 

15. EXECZTTIVE BLOCK FOR COMPUTATION OF TERMS IN m RIGHT-HAND 
MEMBER OF EQUATIONS (7) OR (8) I GENERATED BY afl/as OR afL/az 

The function of t h e  executive block can be succinct ly  described as 

on how 

control  

of t h e  program cycles. 

convenient f o r  simplication of t h e  log ica l  diagram f o r  t h e  program t o  assemble 

t h e  cont ro l  operators f o r  p a r t  of the  cycles i n  one memory locat ion and t o  re- 

gard t h e  s e t  of them as a program block. This block contains t h e  operators f o r  

cont ro l  of those cycles within which t r a n s i t i o n s  a r e  made from one term of the  

expansion of afl/as or aR/az t o  another. 

Inasmuch as the number of cycles i s  r a t h e r  la rge ,  it i s  

. 

There a re  f ive such cycles. 

Cycle 1. Computation of terms with a d e f i n i t e  charac te r i s t ic ,  generated 

on t h e  basis of one p a r t i t i o n  of t h e  c h a r a c t e r i s t i c  of a group of row terms 

having t h e  same type of par t i t ion .  The working p a r t  of the  cycle embraces 

,blocks 11-VII. The cycle control  operators (0 11 - E15’ F16 - E20; see t h e  

- . diagram) execute multiple r e p e t i t i o n  of t h e  operation of blocks 1 1 - V I 1 1  f o r  t h e  

:successive terms of t h e  group. 
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Cycle 2. Computation of terms with a d e f i n i t e  charac te r i s t ic ,  generated E71 -_ 

on t h e  b a s i s  of a l l  admissible par t i t ions  of t h e  c h a r a c t e r i s t i c  of a group of 

row terms having t h e  same type of par t i t ion .  The program of cycle 2 embraces 

t h e  program of cycle 1, including i n  addition t o  it t h e  p a r t i t i o n  block. 

control  operators f o r  t h i s  cycle (T 21 

cycle 1 every t i m e  on t h e  b a s i s  of a new p a r t i t i o n  of t h e  charac te r i s t ic .  

end-control operator f o r  t h i s  cycle i s  l e f t  i n  t h e  p a r t i t i o n  block (see P 

t h e  p a r t i t i o n  block). 

The 

- E23) execute multiple r e p e t i t i o n  of 

The 

of 16 

Cycle 3. Computation of terms with a d e f i n i t e  charac te r i s t ic ,  generated 

by a l l  groups of terms of one row w i t h  a d e f i n i t e  value o f  t h e  parameter h. 

The control  operators for the  cycle (P 

ing  cycle, performing address subs t i tu t ion  on it each t i m e  t o  a new group of 

terms i n  the  row. 

- E ) execute r e p e t i t i o n  of the  preced- 24 26 

Cycle 4. Computation of terms with c h a r a c t e r i s t i c  A ,  generated by t h e  row 

with number n f o r  a l l  possible values of t h e  parameter h f o r  t h a t  A. 

t r o l  operators  for t h e  cycle a r e  A 

The con- 

- E 
27 30. 

Cycle i n  t h e  parameter n. Cycle 5. 

31 - E36’ 
It was s t a t e d  i n  sect ion 14 t h a t  it i s  necessary f o r  operation of t h e  block 

The control  operators f o r  t h e  cycle 

are A 

f o r  mul t ip l ica t ion  by KC P *  af t o  know f ,  t h e  number of the  working term a t  a given 

i n s t a n t .  

f - 1 = i + i + i 
The value of f can be represented as t h e  sum of three parameters 

where i i s  t h e  number u f  teiTis of t h e  expensrnns i n  t h e  
I 1 2’ 

rows preceding t h e  working row a t  t h a t  time, i, i s  t h e  number of terms of t h e  

expansion i n  t h e  given row before the working group, i 

i n  t h e  group before t h e  working term. 

i s  t h e  number or terms 
2 

The representat ion of f - 1 i n  t h i s  form 
1 

,proves convenient, i n  t h a t  t h e  quant i t ies  vary i n  qui te  simple fashion f o r  a l l  

1 -  
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possible  address subs t i t u t ions  and renewals i n  t h e  f i v e  indicated cycles.  

Three groups of c e l l s  a r e  picked o u t  f o r  address subs t i t u t ion  of t h e  log i -  

c a l  scales:  gl, %, g3; E,, g,, 2,; El, E2, g3. 
t h e  sca le  of p a r t i t i o n  types and t o  the c e l l s  g 

p l i c a t i o n  for t he  row with number n. 

To t h e  c e l l  g i s  t ransmit ted 1 

t h e  sca le  of type of m u l t i -  2’ g3 

With respect  t o  address subs t i t u t ions  of 
- 
gj, and E .  play a r o l e  analogous t o  t h a t  

3’ J 
t h e  sca les ,  t h e  groups of c e l l s  g 

play i n  address subs t i tu t ions  of t h e  quant i ty  f .  The diagram 1’ i2 which i, i 

of t h e  executive block.has  t h e  form 

The operator Ol receives  control  from t h e  executive rout ine  i n  t r a n s i t i o n  

t o  determination of t h e  coe f f i c i en t  o f  t h e  next complex of i nequa l i t i e s ;  it re -  

news t h e  i n i t i a l  values of t he  parameters n = 1, h = 0, i = 0. 

T t ransmits  t h e  c h a r a c t e r i s t i c  h t o  two p a i r s  of reference c e l l s  L and 
2 1 

L 

t o  t h e  operator 1711-16, 1-16 commands t o  r e tu rn  t o  t h e  present block. 

(for brevi ty ,  each pa i r  w i l l  be designated by a s ingle  symbol); it transmits  
2 

P t e s t s  t he  following condition: A / a  does not c o n k i u  ~eg6tl-i-e powers cf 
3 

CY. 

generates comparison constants depending on n: cj n (see t h e  p a r t i t i o n  

block, P ) and J“ (see t h e  mult ipl icat ion check block, P ); it s e l e c t s  from 
/ I  9 12 
. ‘memory t h e  l o g i c a l  sca les  of t h e  row with number n and t ransmits  them t o  gl, g2, 
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A forms t h e  sum r + 12k; 0 - E 
8 5 9  

t h e  block f o r  mult ipl icat ion by K[ P* a,. 
I 

renew the  i n i t i a l  values 
10' O11 0 

transmits g i n t o  2 
A forms t h e  sum i + i + i 
T12 3 3 '  

1.3 1 2' 

compute t h e  sum 

of t h e  parameters 

T i 4  t ransmits  t h e  c h a r a c t e r i s t i c  (Ll) i n t o  the  c e l l  

block).  

il, i2 (il = 0 ,  l2 = 0 ) .  

Dl (see t h e  p a r t i t i o n  

F16 performs address subs t i tu t ion  of i2 by unity. 

A 
-* 

s t o r e s  El i n  memory i n  t h e  c e l l  g it s h i f t s  t h e  contents of t h e  c e l l  
17 1; 

El 4 places,  those of & 8 places t o  the l e f t ;  it augments t h e  free spaces of 

2 with a group of places of it s h i f t s  8 places t o  t h e  r igh t .  
- - *  2 3; 3 

P18 tes t s  the  following condition: gl - ( f ixed type of p a r t i t i o n  i n  - gl 
t r a n s i t i o n  t o  t h e  next term). 

1.3' E 

Tel t ransmits  E .  i n t o  gj, i2 i n t o  

returns  t o  t h e  subprogram - t o  t h e  operator A 
I19 

I n  t h i s  way, t h e  posi t ion of  t h e  
J 2' 

sca les  and value of the  parameter i 

group i n  t h e  row. 

a r e  f ixed f o r  t h e  f i r s t  term of the  next 2 

E re turns  t o  t h e  subprogram - t o  t h e  operators 0 - A 11 13' 122 
forms t h e  l o g i c a l  sum of the contents of the  c e l l s  and 3 I n  t h e  

'24 2 3' 
event t h a t  t h i s  sum i s  equal t o  zero (which can happen when a l l  groups of the  

row have 

cycle i n  

27 
A 

28 
P 

been exhausted), it t r a n s f e r s  control  t o  the  control  operators f o r  t h e  

h. 

-i;rans&ts :n+n 

forms t h e  c h a r a c t e r i s t i c  (L,)/e 

t e s t s  the  following condition: 

zIlc? r e p l n ~ s  i- by i.. + N i, (see Tn , ) .  
j 'j 1 L L CI 

/ 

1' and t ransmits  it i n t o  the  c e l l  L 

(L,)/e ' does not contain negative 

, bowers of e . 
- 
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29 

31 

F 

A 

32 
P 

of a .  

33 

34 

35 

37 

F 

A 

0 

A 

2 m .  

p e r f  o m s  address subs t i tu t ion  i n  h. 

1' forms t h e  c h a r a c t e r i s t i c  (L2) /a  and t ransmits  it i n t o  t h e  c e l l  L 

t e s t s  t h e  following condition: (L ) /a  does not contain negative powers 
2 

performs address subs t i tu t ion  i n  n. 

replaces i by i + i + i 
performs renewal (reset) i n  h. 

1 2' 

mult ipl ies  t h e  contents of the c e l l s  of t h e  right-hand member bank by 

16. MECUTIVE BLOCK FOR COMPUTATION OF TERMS I N  TRE RIGHT-HAID MEMBER OF 
EQUATIONS (7) OR (8), GENERATED BY SERIES EXPANSION OF u t '  1 . 3  /r OR z n / r 3  

A s  a l ready mentioned, t h e  program f o r  computation of t h e  right-hand members 

of t h e  fundamental equations i s  wri t ten such t h a t  a l l  t h a t  i s  required f o r  

t r a n s i t i o n  from t h e  f i r s t  computational s tage t o  t h e  second i s  replacement of 

t h e  executive block. 

contained i n  the  brackets i n  t h e  right-hand members of equations (7) or (8) and 

L e t  u s  examine the  e s s e n t i a l  differences i n  t h e  expansions 

t h e  expansions of dcR/ds and dcR/dz. 

I n  t h e  terms of t h e  expansions generated by uc  -1 /r 3 or z a / r 3 ,  there  i s  

no mul t ip l ica t ion  by 5 P* af. However, no modification i s  required i n  the  block 

f o r  mul t ip l ica t ion  by K5 P *  a,, for i f  we l e t  P S 0, h S 0, t h e  block functions 
L 

j u s t  as w e l l  i n  t h i s  case also.  The cycle i n  h vanishes f r o m t h e  executive 

block. 

I n  t h e  terms of these expansions, t h e  c h a r a c t e r i s t i c  p cannot take  on 

valuesp= 1 ( i n  t h e  expansions of d n i 6 s  andaJi/bz,  Eie t e n s  *' y-l rind. s . {  are "0" v 

included i n  t h e  expressions -. y%!?: & kxSl$; t ' ; t h i s  i s  not done here) .  

Consequently, other  r e s t r i c t i o n s  must be placed on t h e  set of values t h a t  t h e  
1 



parameter j 

t i c s  associated with p a r t i t i o n  of the  c h a r a c t e r i s t i c  i n t o  two par t s ,  can assume. 

t h e  order number of the  f i r s t  f a c t o r  i n  t h e  bank of character is-  1673 1' 

I f  p r e v i o u s l y t h e  parameter j varied within l i m i t s  1 
L 

where J i s  t h e  number of charac te r i s t ics  whose orUer i s  no higher than t h e  order 

of t h e  c h a r a c t e r i s t i c  being parti t ioned, then t h e  parameter j m u s t  now vary 1 

within t h e  limits 

where J i s  t h e  number of charac te r i s t ics  whose order i s  less than t h e  order of  

t h e  c h a r a c t e r i s t i c  t o  be par t i t ioned.  

1 

The quant i ty  J (or Jl) i s  determined i n  t h e  p a r t i t i o n  block from a t a b l e  

as a function of t h e  order of t h e  charac te r i s t ic .  It i s  s u f f i c i e n t ,  therefore ,  

i n  t h e  first case t o  subt rac t  0 f r o m t h e  order of the  c h a r a c t e r i s t i c ,  1 i n  t h e  

second case, so  as t o  account f o r  t h i s  change i n  t h e  upper l i m i t .  The lower 

l i m i t  of v a r i a t i o n  of j i s  analogously corrected. 1 
I n  t h e  expansions generated by ut -1 /r 3 or z 47/r3, each term i s  mult ipl ied 

by one of t h e  quant i t ies  P, Q, R,... o r  t h e i r  conjugates. We note f i r s t  of a l l  

t h a t  mul t ip l ica t ion  of t h e  product of complexes of i n e q u a l i t i e s  by t h e  s e r i e s  

P, Q, R,. .. can be executed by the  same program as before. A l l  t h a t  i s  neces- 

sary t o  do t h i s  i s  t o  introduce beforehand i n t o  machine memory t h e  coef f ic ien ts  
- 

, .- - 9  P,, Q,,Z , . . .  . -  , - L ,  2 2 : ,), - a = < ,  . . . 

and t h e  l lcharac te r i s t ics l l  of these " inequal i t ies ."  It i s  necessary i n  t h e  

c h a r a c t e r i s t i c s  t o  set  ii = i- = i- = i ,  = 0. 

t h e  i n e q u a l i t y  mus t  be wr i t ten  i n  t h e  second address of t h e  second c e l l  of such 

' a c h a r a c t e r i s t i c ,  as i n  t h e  general case. I n  t h e  sca les  of mult ipl icat ion types 

The number of t h e  i n i t i a l  cell  o f  
c 3 4  

i 
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f o r  each row, t h e  type of mult ipl icat ion by these  i n e q u a l i t i e s  must  be indicated.  

A s  a resu l t  of t h e  operation of the p a r t i t i o n  block, t h e  numbers n of t h e  

An addi- c h a r a c t e r i s t i c s  are formed i n  t h e  c e l l s  <j>, <j,>, <j,>, ..., <jn-l>. 

t i o n a l  problem t h a t  arises i n  t h i s  case i s  t o  obta in  i n  t h e  c e l l  < j > t h e  number n 

of t h e  c h a r a c t e r i s t i c  of whichever of the s e r i e s  P, Q, R,.. .  m u l t i p l i e s  t h e  

expansion of t h e  product of t h e  remaining s e r i e s  i n  t h e  given term. 

each p a r t i t i o n  of t h e  c h a r a c t e r i s t i c  i s  used f o r  several terms of one row, where- 

A s  indicated,  

as t h e  m u l t i p l i e r s  P,  Q, R,.. .  a re  d i f fe ren t  i n  general  f o r  these terms. Conse- 

quently, t h e  address s u b s t i t u t i o n  of < j  > m u s t  be performed f o r  each address 

s u b s t i t u t i o n  i n  t h e  parameter i,. For t h i s  purpose, t h e  numbers of the  charac- 

t e r i s t i c s  of P, Q, R,.  .. are wr i t ten  i n  successive memory c e l l s  i n  t h e  order i n  

n 

which t h e  quant i t ies  P, Q, R,... a r e  encountered i n  t h e  expansion generated by 

u6- 1 - 3  /r o r  z a / r  3 Knowing f ( t h e  number of t h e  current working term) and n 

(row number), it i s  easy t o  e x t r a c t  the number of t h e  c h a r a c t e r i s t i c  from these 

’ c e l l s  and t o  send it i n t o  t h e  c e l l < j n > .  We assume t h a t  jn i s  transmitted after 

t h e  p a r t i t i o n  block has generated one of t h e  admissible p a r t i t i o n s  f o r  t h e  

i n i t i a l  c h a r a c t e r i s t i c  ( i n  t h i s  case, i = 5, see t h e  p a r t i t i o n  block). I f  the  

acquis i t ion  of each p a r t i t i o n  were followed by reversion t o  the  executive block, 

t h e n  jn could always be t ransmit ted i n  t h i s  case as indicated.  Rowever, such 

reversions a re  not d ic ta ted  by necessity, a t  l e a s t  insofar  as t h e  program f o r  

s e l e c t i n g  terms from t h e  expansion of dfl /ds  or dfl/dz i s  concerned; i n  t h i s  

program, after each p a r t i t i o n  has been u’utaliied, re-xrsicc c?cc’zrc. to the block 

f o r  determination of t h e  i n i t i a l  c e l l s .  

for s e l e c t i n g  terms from t h e  expansions generated by uC-’/r” or z d-l/r- ,  it 

becomes necessary i n  c e r t a i n  instances (cases involving address subs t i tu t ion  i n  

If we wish t o  keep t h e  old program 

-, 2 1 7  

cycles  3 and 5) t o  specify jn before obtaining t h e  f i r s t  p a r t i t i o n  of t h e  



charac te r i s t ic .  

i s t i c  of P,  Q, R,.. .  d i r e c t l y  i n t o  the c e l l < j  >; during operation of t h e  p a r t i -  

t i o n  block, t h e  contents of t h i s  c e l l  change. 

It i s  impossible here t o  t ransmit  t h e  number of t h e  character-  
P 

n 

However, i f  w e  send t h e  number 

of t h e  c h a r a c t e r i s t i c  i n t o  t h e  c e l l < j  >, it i s  automatically t ransmit ted t o  t h e  

c e l l < j  > i n  t h e  operation of the  p a r t i t i o n  block. 

2 

n 

These remarks ind ica te  what changes m u s t  be introduced i n t o  t h e  l o g i c a l  

diagram of t h e  preceding block i n  order t o  obtain t h e  block described i n  t h e  

/674 

present section. 

We w i l l  l i s t  t h e  descr ipt ions only of those operators whose function d i f f e r s  

f r o m t h e  funct ion of t h e  corresponding operators of the  preceding block. 

T2 t ransmits  t o  the  operators VIII-16, 1-16 commands f o r  r e t u r n  t o  t h e  

present block; it transmits  t o  t h e  reference c e l l s  constants f o r  correct ion of 

t h e  l i m i t s  of v a r i a t i o n  of t h e  parameter j 

funct ion i n  t h e  preceding block). 

( the  operator T 
1 2 performs a similar 

A determines t h e  order of t h e  charac te r i s t ic  h 

PI, t e s t s  the  following condition: 

3 
The order of t h e  c h a r a c t e r i s t i c  i s  

greater than or equal t o  n + 1, where n i s  the  number of t h e  row of t h e  expan- 

slon. If this ca? i t i c r ?  5 s  EO+. f r i l f i l led,  control  i s  t r a n s f e r r e d  t o  the  master 

executive rout ine,  which executes a t r a n s i t i o n  t o  t h e  t h i r d  s tage of operation. , 

I 

66 



Tll transmits into the cell<j >the characteristic of whichever of the 2 
quantities P, Q, R,... corresponds to the term of the expansion with number 

f = l + i  + i  + i  1 2 3. 
transmits the characteristic A into the cell D of the partition block. 

T12 1 
T transmits into the cell<j >the characteristic of whichever of the 13 2 

quantities P, Q, R,... corresponds to the term of the expansion with number 

f = l + i  + i  + i  1 2 3' 

10 - Tll' 
Tll' 

E 

E 

A replaces i by i + i + r 
We conclude the present article by considering one further problem, which 

reverts to the subprogram - to the operators A 
reverts to the subprogram - to the operators O8 - 

l18 

121 

27 1 2' 

still has to be cleared up. 

terms generated by the first row of the expansion of dlR/ds or dfl/dz? 

accomplished by introducing the fictitious inequality 

How can the present program be used to compute the 

This is 

- 
z-2, for1 . pi,' '2 ;, :ir 

a".. where/, ', I for i = 0. I 

Since multiplication by this inequality is equivalent to multiplication by 

1, it can be used to represent the terms of the first row in a form analogous to 

that of the terms in the other rows. In order to execute multiplication by this 

inequality according to the general rule, its coefficients and characteristic 

are injected into machine memory with il = i 

initial cell of the inequality is written in the second address of the second 

(..I; of A?..: - -l---,..-,-..L,.-4 -4-4 

= i? = i4 = 0. The number of the 

bLlle LLIaLL*LUCIIIUV~r. ?'E t he  +.ems o f  the first row of dlR/ds or dR/dz, 
. .  A ;. -1 

the characteristicsh/e'h can only be subjected to one partition e,h - - - 1 - - 
' where is the characteristic of the fictitious inequality. If the characteristic 

8 
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Y 1 i s  inser ted  i n  the  block of charac te r i s t ics  ahead of  t h e  c h a r a c t e r i s t i c  1, i t s  

order number w i l l  be equa l  t o  0 and the limits of v a r i a t i o n  of j i n  t h e  case of 

t h e  f i r s t  row of dR/ds ordcR/az m u s t  be chosen such t h a t  j 

1 

w i l l  assume t h e  1 

unique value 

This operation i s  car r ied  out by a spec ia l  operator not indicated i n  t h e  1675 

diagram of t h e  p a r t i t i o n  block (coming after 

c h a r a c t e r i s t i c  of t h e  second f a c t o r  h/e’ 

) . The order number j of t h e  3 
h can be determined i n  t h e  u s u a l  manner. 
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